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1 Introduction

Note to the reader: My exposition will largely follow the exposition done by Gabriel Chênevert in
his Phd Thesis([3])

The starting point of this method is Falting’s article in which he proves the Mordell-Weil theorem.
He remarked and Serre turned it into a working method, the fact that the equivalence of two λ-adic
representations is something that can be basically determined on some finite extension of the base
field (even though the representations might not factor through a finite quotient).
Let Oλ be the ring of integers in a finite extension of Ql and consider two semisimple representations
ρ1, ρ2 : G→ GLn(Oλ) of a given group G (we will focus mostly on Galois group, but will stick for
now in this generality).
We will be interested in the image M of Oλ[G] in Mn(Oλ) ×Mn(Oλ) by the linear map induced
from ρ1× ρ2 and δ(G) the image of G in the quotient (M/λM)×. δ(G) will be called the deviation
group of the pair (ρ1, ρ2) .
We shall prove that the group δ(G) is a finite quotient of G, unramified outside Ram(ρ1)∪Ram(ρ2)
and has the property that for any Σ ⊂ G surjecting onto δ(G) we have that

ρ1 ≡ ρ2 ⇔ tr(ρ1)|Σ = tr(ρ2)|Σ

An incarnation of this general philosophy is the following theorem.

Theorem. Let K be a number field , Eλ a finite extension of Q2, ρ1, ρ2 : GK → GL2(Eλ) two
semisimple representations with even trace and determinant, and unramified outside S. Let Σ ⊂ GK
be a set surjecting onto Gal(K

(2)
S /K), where K

(2)
S is the compositum of a all quadratic extensions

of K which are unramified outside S. Then

ρ1 ≡ ρ2 ⇔ tr(ρ1)|Σ = tr(ρ2)|Σ

In this form the Falting Serre method was used to explicitly many instances of modularity over Q:
Schoen’s singular quintic 3-fold([6]), Livne’s singular cubic 7-fold([4]), and more recently for a lot
of K3 surfaces and rigid Calabi-Yau manifolds([8]). It was also recently used to prove results for
Hilbert modular forms([7]).

2 Deviation groups

The setting is the following: Let G be an arbitrary group, Oλ the ring of integers in a local number
field Eλ, λ be the maximal ideal and k the residue field. In this section, we prove the main results
about the deviation group stated in the introduction.

Proposition. δ(G) is a finite group. Moreover |δ(G)| < |k|2n2
.
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Proof. We have that M is a submodule of the free Oλ module Mn(Oλ)⊕Mn(Oλ), thus M is free
of rank

r ≤ rank(Mn(Oλ)⊕Mn(Oλ)) = 2n2

Thus it follows that (M/λM)× is k-algebra of rank r so

|δ(G)| < |(M/λM)×| ≤ |k|r ≤ |k|2n2

Next we get to the core of the flavor of the results present in this paper, namely that if the traces
of our representations agree on some well chosen finite set, then they are equivalent; although they
might not factor through a finite quotient of G.

Proposition. Let Σ be a subset of G surjecting onto δ(G). Then as E-valued representations

ρ1 ∼ ρ2 ⇔ tr(ρ1)|Σ = tr(ρ2)|Σ

Proof. The implication (⇒) is obvious. For the (⇐) we prove the contrapositive. Suppose that
ρ1 6∼ ρ2, thus tr(ρ1) 6= tr(ρ2) and consider the largest integer α such that

tr(ρ1) ≡ tr(ρ2) (mod λα)

Next choose an uniformizer π and consider the function π−α(tr(ρ1) − tr(ρ2)) which extends to an
Oλ linear map θM → Oλ. By the maximality of α we have θ(M) 6⊂ (λ) so it follows that this map
descends to a non-zero k linear map M/λM → k.
Thus we get a non-zero function Θ : δ(G)→ k because δ(G) spans M/λM . This implies that there
exists an element g ∈ Σ such that Θ(δ(g)) 6= 0, or stating it explicitly

θ(g) = π−α(tr(ρ1)− tr(ρ2)) 6∈ (λ)

This means in particular tr ρ1(g) 6= tr ρ2(g) so tr(ρ1)|Σ 6= tr(ρ2)|Σ.

Application to Galois representations. We are now going to consider the important case to
us, namely when G = GalK , the absolute Galois group of number field K.

Lemma. Let ρ1 and ρ2 be two λ-adic representations of GalK . Then δ(GalK) is unramified outside
Ram(ρ1) ∪ Ram(ρ2).

Proof. For a prime p 6∈ Ramρ1 ∪ Ramρ2 we have I(p) ⊂ Ker(ρ1) ∩ Ker(ρ2). Thus it follows that
I(p) ⊂ Ker(ρ), where ρ = ρ1 × ρ2. Thus the image ρ(GalK) is unramified at p. Now δ(GalK) is a
finite quotient of ρ(GalK) and so it is also unramfied at p.

From this and the above we can deduce the following

Corollary. Given a finite set S of places of K and an integer n ≥ 1, there exists a finite set of
primes T disjoint from S such that if ρ1 and ρ2 are any two λ-adic representations of degree n of
GalK , unramified outside S then

ρ1 ∼ ρ2 ⇔ tr(ρ1)|Σ = tr(ρ2)|Σ

where Σ = {Frobp|p ∈ T}
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Proof. By the Hermite-Minkowski theorem, there are finitely many Galois extensions L/K un-
ramified outside S and of degree bounded by |k|2n2

. We can thus take T to be set of primes p
such that the conjugacy classes of Gal(L/K) for these extensions are exhausted by the Frobenius
substitutions Frobp.

Remark The effective version of Chebotarev’s density theorem can be used to obtain bounds on
the size of the set above. Namely if we define the quantity (see [13])

∆∗(K,S,N) = |∆K/Q|N (N
∏
p∈S

q
1−1/N
p )N [K:Q]

where qp denotes the residual characteristic of the prime ideal p,

B(K,S,N) :=

{
∆∗(K,S,N)c if K 6= Q
2∆∗(K,S,N)c if K = Q

where c is the absolute constant of ( see [14])
We would get namely the following criterion
Two l-adic n-dimensional representations ρ1 and ρ2, unramified outside S, are equivalent iff

tr ρ1(Frobp) = tr ρ2(Frobp)

for all unramified primes p of K such that

NK/Qp ≤ B(K,S, l2n
2−1)

3 Faltings Serre method or the method of quartic fields

Let us look closer at the deviation group δ(G) associated to a pair (ρ1, ρ2) with ρ1, ρ2 : G→ GLnOλ
and let us figure out a concrete realization of it.
We assume that the residual representations ρ1 and ρ2 are equal, but that the representations
ρ1 ⊗ E and ρ2 ⊗ E are not isomorphic (in plain terms conjugated by an element of GLn(E)).
Thus there is a maximal β such that the representations ρ1 and ρ2 are conjugated modulo β. The
first assumption implies β ≥ 1. On the other hand since ρ1 6' ρ2 there is a maximal integer α such
that tr(ρ1) 6≡ tr(ρ2)(mod λα. This implies that ρ1 and ρ2 are not conjugated modulo λα+1, hence
β ≤ α.
Now if we replace one of the representation by it’s conjugate (if necessary), we can assume the
following

ρ1 ≡ ρ2(mod λβ), ρ1 6≡ ρ2(mod λβ+1)

We can restate this by writing ρ2 = (1 + πβθ)ρ1, where θ : G→Mn(Oλ) is a function whose image
is not contained in the maximal ideal (λ).

Proposition. If ρ1 6' ρ2, the function ϕ : G→Mn(k) oGLn(k) defined by

g → (θ mod λ, ρ1 mod λ)

is a group homomorphism which factors through the deviation group δ(G).

Proof. For two elements g, h ∈ G we know that
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ρ2(g) = (1 + πβθ(g))ρ1(g)
ρ2(h) = (1 + πβθ(h))ρ1(h)

thus we get that

ρ2(gh) = ρ1(g)ρ1(h) + πβθ(g)ρ1(g)ρ1(h) + πβρ1(g)θ(h)ρ1(h) + π2βθ(g)ρ1(g)θ(h)ρ1(h)

Now we have also that ρ2(gh) = (1 + θβθ(gh))ρ1(gh), so by comparing the terms we get that

θ(gh) = θ(g) + θ(h)ρ1(g) + πβθ(g)θ(h)ρ1(g)

where xy denotes the conjugation yxy−1. Since β ≥ 1 it follows that

θ(gh) ≡ θ(g) + θ(h)ρ1(g) mod λ

and thus ϕ(gh) = ϕ(g)ϕ(h) with the group law coming from the action of GLn(k) on Mn(k) by
conjugation.
To finish we need to show that ϕ factors through δ(G), which is equivalent to Ker δ ⊂ Ker ϕ
Let g ∈ Ker δ , which means that (see previous section) ρ(g) ∈ 1 + λM , thus there are elements
aj ∈ Oλ, with aj = 0, for almost all j ∈ G, and with

ρ(g) = 1 + π
∑
j∈G

ajρ(j)

Since ρ = ρ1 × ρ2, we actually have a pair of equations

ρi(g) = 1 + π
∑
j∈G

ajρi(j), i = 1, 2

For i = 1 we see that this gives us ρ1(g) ≡ 1 mod λ. Further using the fact that ρ2 = (1 + πβθ)ρ1,
the equation for i = 2 can be rewritten as

ρ1(g) + πβθ(g)ρ1(g) = 1 + π
∑
j∈G

ajρ1(j) + π
∑
j∈G

ajπ
βθ(j)ρ1(j)

Substracting the first equation we get that

θ(g)ρ1(g) = π
∑
j∈G

ajθ(j)ρ1(j)

hence
θ(g) = π

∑
j∈G

ajθ(j)ρ1(jg−1) ≡ 0 mod λ

so that ϕ(g) = (0, 1),i.e g ∈ Ker ϕ.

If ϕ(G) is the image of G in the semi-direct product Mn(k)oGLn(k), it follows that the surjection
δ(G) � G can be redefined to

δ(G) � ϕ(G) � G

We can also note that from ρ2 = (1 + θβθ)ρ1, we have that

det(ρ2) = (1 + πβ tr(θ) +O(πβ
2
)) det(ρ1)

so if in addition we impose the fact that det(ρ1) = det(ρ2) we get that

tr θ ≡ 0 mod λβ
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In particular the homomorphism ϕ has values in M◦n(k) o GLn(k) where M◦n denotes the set of
n× n matrices of trace 0.
Remark Serre proved in an unpublished letter to Tate that if two representations ρ1, ρ2 : G →
GL2(Z) with det(ρ1) = det(ρ2) and ρ1 = ρ2 are conjugated modulo 2α if and only if tr(ρ1) ≡
tr(ρ2) mod 2α (note that this can be rephrased as β = α). This means that the function

2−α(tr(ρ1)− tr(ρ2)) mod 2

descends to ϕ(G). Consequently we can substitute it for the deviation group δ(G); and thus making
it more easier to decide whether two representations that satisfy the hypothesis of this remark a
lot easier.
To make things explicit, we note that as an S3 module, under the action by conjugation of S3 '
GL2(F2),

M2(F2) = F2
2 ⊕ V4

with

F2
2 =

{
0, 1,

(
1 1
1 0

)
,

(
0 1
1 1

)}
, V4 =

{
0,

(
1 1
0 1

)
,

(
0 1
1 0

)
,

(
1 0
1 1

)}
In a similar fashion the subgroup M◦2 (F2) has the decomposition F2 ⊕ V4 with F2 = {0, 1}. Thus
the only possibilities for ϕ(G) when det(ρ1) = det(ρ2) and ρ1 = ρ2 is surjective are

{±1} × S3, V4 o S3 ' S4 and (F2 ⊕ V4) o S3 ' {±1} × S4

thus the name ”quartic field method”. This will prove useful in the last section, Applications to
elliptic curves.

4 Falting-Serre-Livnè criterrion

Now we restrict our attention from n-dimensional representations to 2-dimensional λ-adic repre-
sentations

ρ1, ρ2 : G→ GL2(Oλ)

where Oλ has residual characteristic 2. We also impose the following two, namely

tr(ρ1) ≡ tr(ρ2) ≡ 0 mod λ and det(ρ1) ≡ det(ρ2) ≡ 1 mod λ

I shall present the proof of Faltings-Serre-Livnè([4]) criterion to decide whether ρ1 ∼ ρ2. There is
also a generalisation of this criterion present in Gabriel Chenêvert’s thesis, by more carefully using
group theory to eliminate one of the hypothesis (see [3]).
Let us introduce a very important set for the course of the proof.

Definition. Define Ξ to be the set of elements g ∈ G for which the characteristic polynomials of
ρ1(g) and ρ2(g) coincide.

The strategy to decide whether ρ1 and ρ2 are equivalent can be described in large terms as follows.
Suppose we were to test every element of G individually to see whether it belongs to Ξ or not. If
we encounter one which is not in Ξ, meaning Ξ 6= G, then we know ρ1 6= ρ2. However if along the
way we stumble only upon elements that lie in Ξ, we are led to believe that there is a good chance
for ρ1 and ρ2 being equivalent.
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More precisely, call Σ the set of elements that we know are in Ξ. The bigger this set is, the stronger
is the evidence that ρ1 and ρ2 are equivalent; thus we have make a precise sense of what ”big”
means. First it would mean that it has to surject onto δ(G). The only problem is that computing
δ(G) needs more input about the two representations than we get by computing a finite number
of traces. On the other hand we can try to classify all possibilities for δ(G), and take a sufficiently
large Σ to cover all such possibilities.
But then again, it is difficult to say something about the algebraic structure of δ(G), except for the
bound on it’s size. Thus we are left with what is called a bootstrap strategy.

• First, assuming rho1 ∼ ρ2, classify all possibilities for δ(G)

• Get sufficient evidence that ρ1 and ρ2 might be equivalent to force δ(G) to belong to the
previous list

• Take Σ sufficiently large to cover all possibilities for δ(G) in that list

So let’s start with the first step; namely how δ(G) looks like if we assume ρ1 and ρ2 are equivalent.

Proposition 1. If g ∈ Ξ, then δ(g)2 = 1 in δ(G).

Proof. For g ∈ Ξ, we write tr g for the common value of tr(ρi(g)), and in a similar fashion we have
det g. Since the characteristic polynomials of ρ1(g) and ρ2(g) are the same, we have that( Hamilton
Cayley)

ρ(g)2 = (tr g)ρ(g)− (det g)ρ(1)

Thus we have also using the hypothesis on the representations that

ρ2(g)− ρ(1) = (tr g)ρ(g)− (det g + 1)ρ(1) ∈ λρ(g) + (2 + λ)ρ(1) ⊂ λM

thus
ρ2(g) ≡ ρ(1) mod λM , so δ(g)2 = δ(1) = 1 in δ(G).

Corollary. If ρ1 ∼ ρ2, then ρ(G) is an abelian group of exponent 2.

In general, we cannot say much more than the following:

Proposition 2. The deviation group δ(G) is a 2-group.

Note that since we have bounds on the size of it, we have more precisely |δ(G)| = 2r for 0 ≤ r ≤ 7.

Proof. We have that δ(G) fits into the following exact sequence

1 −→ N(G) −→ δ(G) −→ G −→ 1

where N(G) is a finite quotient of ρ(G) ∩ (1 + λR), where R = M2(Oλ) ⊕M2(Oλ). Now use the
log map to see that 1 +λM embeds into the additive group λR, thus it is pro 2-group. Thus N(G)
is a 2-group.
Now it remains to look on the other side of the exact sequence. We have by the hypothesis on our
representation that for each i = 1, 2

1− (tr ρi)t+ (det ρi)t
2 ≡ 1 + t2 mod λ

6



Thus using again Hamilton Cayley, we have

ρi(g)2 ≡ −1 ≡ 1 mod λ

It follows that ρ(g)2 ≡ 1 mod λ, thus G has exponent 2, thus it is an abelian 2-group.
Now everything falls into place if we look at the exact sequence; λ(G) is an extension of G by N ,
thus it is also a 2-group.

We’re done and we get to the bootstrap step which requires a more technical lemma on groups.

Definition. For H group, we denote N2(H) = 〈h2|h ∈ H〉 the subgroup generated by the squares.

It is easy to see thatN2(H) is a characteristic subgroup ofH; hence we can considerH2 := H/N2(H)
the 2-component of H.

Proposition 3. H2 is the greatest quotient of H with exponent 2. Moreover, if N is a normal
subgroup of H, then

(H/N)2 ' H/(N2(H) ·N)

In particular, (H/N)2 = H2 iff N ⊆ N2(H).

Proof. H/N is a quotient of exponent 2 if and only if N is a normal subgroup which contains all
the squares, that is N ⊇ N2(H). To wrap up the first part, note that N2(H) is normal. For the
second part, if N is any normal subgroup of H, it is easy to see that N2(H/N) = (N2(H) ·N)/N ,
from which the conclusion follows.

We shall use H[2] -this denotes the 2-torsion in H. This is may or may not be a subgroup of H.

Lemma 4. Let H be a 2-group such that every element of H2 has a lift to an element of H[2].
Then H has exponent 2, i.e H = H2.

Proof. Consider the defining exact sequence for H2

1 −→ N2(H) −→ H −→ H2 −→ 1

We argue by contradiction so suppose that N2(H) 6= 1.
We first reduce to N2(H) cyclic of order 2.
To see this consider Ω the set of subgroups of index of N2(H). Writing the abelianization of the
2-group N2(H) as

N2(H)ab =

k⊕
i=1

Z/2aiZ k, ai ≥ 1

we see that |Ω| = 2k − 1 is odd so that H acts on Ω by conjugation with at least one fixed
point N ∈ Ω. We can thus replace H by H/N which does not change the quotient according to
proposition 3, we get the desired situation.
If we are in this situation and N2(H) = 〈n〉 then n has to lie in the center of the group H; if h ∈ H
then hnh−1 is also an element of order 2, thus in N so hnh−1 = n.
From this we can get easily the elements of order 2 of H commute; if h, h′ are two elements of
order 2 consider their product hh′. From the hypothesis we have either this is of the form h′′ or
h′′n where h′′ has order 2. In either case using also the above it follows (hh′)2 = 1 and we are done.
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This means that we can find a section H → H2 by picking generators and sending them to some lifts
of order 2 in H. Thus the short exact sequence splits, namely H ' N2(H)×H2, which contradicts
the definition of the 2-component.

With this technical result in our pocket; we have the following criterion for equivalence.

Theorem 5. Let ρ1, ρ2 : G → GL2(Oλ) be two representations satisfying the conditions stated at
the beginning of this section and

Ξ = {g ∈ G| tr ρ1(g) = tr ρ2(g), det ρ1(g) = det ρ2(g)}

Then ρ1 ∼ ρ2 if and only if Ξ surjects onto G2.

Proof. For (⇒) there is no content since Ξ = G. Now for (⇐) consider the following commutative
diagram of quotients of G

G // //

����

G2

����

δ(G) // // δ(G)2

Since Ξ surjects onto G2 by hypothesis, it also surjects onto δ(G)2. But, by proposition 1, the
images of the elements of Ξ in δ(G) lie in δ(G)[2], hence we can apply the lemma to δ(G) to
conclude that δ(G) = δ(G)2. In particular, it follows that Ξ surjects onto δ(G), which implies the
equivalence of ρ1 and ρ2 (see section on deviation groups).

The actual version in Livnè’s paper ([4]) is a bit stronger, stating that ρ1 ∼ ρ2 if and only if the
image of Ξ in G2, considered as an affine over F2, is not contained in any proper cubic hypersurface.
The difference appears when we consider the set S of ramification to be large.

Application to Galois representations This is essentially the criterion in Livnè’s paper ([4]).

Theorem 6. Let K be a number field , Eλ a finite extension of Q2, with ring of inters Oλ and
maximal ideal λ. Let

ρ1, ρ2 : GK → GL2(Eλ)

two continuous representations unramified outside a finite set S of primes of K , and such that

tr(ρ1) ≡ tr(ρ2) ≡ 0 mod λ and det(ρ1) ≡ det(ρ2) ≡ 0 mod λ

Let K2,S be the compositum of all quadratic extensions of K which are unramified outside S and
suppose that there exists a set of primes T disjoint from S such that :

1. {Frobp|p ∈ T} surjects onto Gal(K2,S/K);

2. tr ρ1(Frobp) = tr ρ2(Frobp) and det ρ1(Frobp) = det ρ2(Frobp)

. Then ρ1 and ρ2 are equivalent.

Proof. We have that sine Gal(K/K) is compact, ρ1 and ρ2 preserve an Oλ lattice in E2
λ, thus

we can assume that they take values in GL2(Oλ). Then we need to apply the previous result to
G = Gal(K/K)S = Gal(KS/K), where KS is the maximal extension of K unramified outside S,
since then G2 = Gal(K2,S/K).
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To apply this criterrion, one needs to describe explicitly the compositum K2,S of all the quadratic
extensions of K, unramified S, together with it’s Galois group. Let’s take for example K = Q, the
situation being very easy to describe.

• For p an odd prime we set dp =

(
−1

p

)
p so that Q2,p = Q(

√
dp), and Frobt, t 6∈ S∪{2} maps

to

(
dp
t

)
=

(
t

p

)
under the homomorphism

χp : Gal(Q/Q)→ Gal(Q2,p)/Q) ' {±1}

• Q2,2 = Q(i,
√

2) = Q(ζ8), and Frobt, t 6∈ S, goes to t mod 8 under

χ2 : Gal(Q/Q)→ Gal(Q2,2)/Q) ' (Z/8Z)×

• Now set Q2,S =
∏
p∈S

Q2,p and

χS =
∏
p∈S

χp : Gal(Q/Q)→ Gal(Q2,S)/Q) '
∏
p∈S

Gal(Q2,p)/Q)

Thus if we look at the criterion we would need to compare the traces of ρ1 and ρ2 at 2|S|+1 primes
at most.

5 Applications to elliptic curves

We follow first the exposition of Serre (see [2]).
Suppose we have two elliptic curves E1 and E2 over Q. Suppose we have a set S of primes such
that 2 ∈ S and for which both elliptic curves have good reduction outside S. We also denote with
GS the galois group of the maximal extension of Q unramified outside of S, and take ρ1 and ρ2 the
2-adic representations on the Tate module associated to the elliptic curves. Moreover we assume
for Ei the points of order 2 on the elliptic curves, gives an extension K of Q, with Galois group S3,
independent of the choice of i.
We have thus the following information on the representations :

• det ρ1 = det ρ2

• ρ1 and ρ2 from G to GL2(F2) = S3 are surjective and equal.

Now if ρ1 6∼ ρ2 (or equivalently according to Faltings (see [1]) if E1 and E2 are not isogenous over
Q), we deduce according to the remark at the end of section 3, that the deviation group δ(G) is
of one of the three types: S4 × {±1}, S4 or S3 × {±1}.Thus we get a Galois extension K ′ of Q
containing K and with Galois group δ(G).
On the other hand knowing the set S, we actually know the possibilities for all such extensions,
using class field theory. Now if we label them as K ′1,K

′
2, . . . ,K

′
h we just have to choose for each

j = 1, . . . , h a prime number such that the Frobenius substitution s′j in K ′j/Q has order bigger than
3. Thus we have the following (again we make use of the remark at the end of section 3)

Theorem 7. For two elliptic curves E1 and E2 to be isogenous over Q, it is enough that the trace
of the Frobenius endomorphisms of E1 and E2 to be the same for the prime numbers p1, . . . , ph
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Note that this is also equivalent to the elliptic curves having the same number of points modulo
p1, p2, . . . , ph.
Serre also mentions two application of this criterion- namely these prove that there is at most one
elliptic curve up to isogeny of given conductor:

1. This case was first treated by J-F. Mestre (C.R Acad.Sci Paris. 300(1985), 509-512). The
two elliptic curves E1 and E2 have the same conductor, namely the prime number 5077. The
first one is the unique Weil elliptic curve of the given conductor. The second one is defined
by

y2 + y = x3 − 7x+ 6

Both of them have good supersingular reduction at 2 and have the same trace of the Frobenius
at 2, namely −2. Now if we suppose that the two elliptic curves are not isogenous, by a result
of Honda and Hill([11]), the deviation group is S4 and the extension K ′ is unramified over
K. Now use the machinery of class field theory to conclude that possible list consists of three
extensions K ′1,K

′
2,K

′
3 and we can choose the corresponding primes to be 5, 5, 11. Now it is

easy to check that the traces of the Frobenius agree at these primes and thus E1 and E2 are
isogenous.

2. The result we want to prove is that all elliptic curves of conductor 11 over Q are isogenous
to the curve y2 − y = x3 − x2, a result which was shown by M. Agrawal, J. Coates, D.Hunt
and A. van der Poorten([9]), but by heavily computational methods.

With our criterion take the first curve E1 to be the one given by the explicit equation, and
for E2 one of the three Weil curves of conductor 11 or 112 which have the same reduction
modulo at 2 as E1. Like above, it can be shown that the deviation group, in case again we
argue that are non-isogenous, is S4 and the extension K ′/K is unramified outside 11. It can
be verified no such extension exists( the discriminant of the extension contradicts the bound
obtainde by Odlyzko([10])).

Thus the result follows.

Now, I shall just state a theorem of Nigel Boston(see[12]) , which is in the same spirit as above,
namely stating that there is only one isogeny class of elliptic curves with certain properties. The
proof follows the same recipe, namely supposing that there would be two classes we would have
the same extension K ′/K which would be unramified, and then the hypothesis of the theorem and
some technical arguments force such an extension to not be possible.

Theorem 8. Let N be a prime, N ≡ 3 (mod 8), such that 3 does not divide neither h(Q(
√
N)

nor h(Q(
√
−N). Let M be one of the cubic subfields of the unique cubic cyclic extension K of

Q(
√
−N) of conductor 2. Suppose h(M) is odd and that the minimum polynomial modulo N of a

fundamental unit of M has a quadratic residue and a quadratic non-residue root.
Then there is at most one Q-isogeny class of elliptic curves over Q of conductor N with given trace
of Frobenius at 2, a2.
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