SPHERICAL MAXIMAL FUNCTIONS ON
TWO STEP NILPOTENT LIE GROUPS
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ABSTRACT. Consider R¢ x R™ with the group structure of a two-step
nilpotent Lie group and natural parabolic dilations. The maximal func-
tion originally introduced by Nevo and Thangavelu in the setting of the
Heisenberg group deals with noncommutative convolutions associated
to measures on spheres or generalized spheres in R?. We drop the non-
degeneracy condition in the known results on Métivier groups and prove
the sharp LP boundedness result for all two step nilpotent Lie groups
with d > 3.

1. INTRODUCTION

We consider the problem of bounding maximal operators for averages over
spheres with higher codimension on a two-step nilpotent Lie group G which
was introduced for the special case of the Heisenberg group by Nevo and
Thangavelu [I5]. The setup is as follows: The Lie algebra splits as a direct
sum in two subspaces referred to as the horizontal and the vertical part,
g = Whor B Wyert, where dim topo, = d, dim tyery = m, and toyer C 3(g), with
3(g) the center of the Lie algebra. We use the natural parabolic dilation
structure on 1o, @ Wyert, and define for X € topor, X € yert, 0(X, X) =
(tX,t*>X). Using exponential coordinates on the group we identify G with
Wphor ® Wyert = R @ R™. With z = (2,7) € RY x R™ the group law then
becomes

(1.1) (2,7) - (,9) = (z+y,T+F+2TJy)

where ng Y= 221 e;xTJiy, {€;}1", is the standard basis of unit vectors in
R™ and Ji, ..., J;, are d x d skew-symmetric matrices. The above dilations
on g induce automorphisms &; : (z, ) + (tz, %) on the group.

Let © be a bounded open convex domain in o, = R? x {0} containing
the origin and assume throughout the paper that the boundary ¥ = 00
is smooth with nonvanishing Gaussian curvature. In most previous papers
one takes for Q the unit ball in R? x {0}. Let u be the normalized surface
measure on X. For ¢ > 0 the dilate i is defined by (f, ut) = [ f(tz,0)dp.

For Schwartz functions f on R4™ the averages over dilated spheres are then
1
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given by the convolutions
(1.2) Af(z,t) = f*m(z) = / flz —tw,z — tg:Tjw)d,u(w).
X

The analogue of the Nevo-Thangavelu maximal operator is defined (a priori
for Schwartz functions) by

(1.3) MRS () = sup | ().

The objective is to establish an LP(R™™) — LP(R%™) bound for an
optimal range of p. Taking ¥ = S9! a partial boundedness result for
p > % was first obtained by Nevo and Thangavelu on the Heisenberg
groups H", for 2n = d > 4; here m = 1 and J = J; is an invertible
symplectic matrix. The optimal result on LP boundedness on the Heisenberg
group H", for n > 2, namely that 9 is bounded on LP(R%*!) for p > %
was obtained by Miiller and the second author [I3] and independently by
Narayanan and Thangavelu [I4]. The paper [13] also establishes this result in
the more general setting of Métivier groups, that is, under the nondegeneracy
condition that for all § € R™ \ {0} the matrices > ., 6;J; are invertible.
Regarding the case n = 1 it is not currently known whether 91 is bounded
on LP(H') for any p < oo (see however results restricted to Heisenberg radial
functions in [5] and [I1]).

The purpose of this paper is to examine the behavior of the maximal
function on general two-step nilpotent Lie groups with d > 3, i.e. when
the nondegeneracy condition on Métivier groups fails. A trivial special case
occurs when all the matrices J; are zero; in this case one immediately obtains
the same LP boundedness result for p > diil, d > 2 by applying Stein’s result
[20] (or Bourgain’s result [4] when d = 2) in the horizontal hyper-planes and
then integrating in toyet. The two extreme cases of Euclidean and Métivier
groups suggest that LP boundedness for p > d%'ll should hold independently
of the choice of the matrices J;. However the intermediate cases are harder,
and neither the slicing argument nor the arguments in [13| 14, 10, [17] for the
Heisenberg and Métivier cases seem to apply; this was posed as a problem
in [13]. In particular there seems to be no regularity theorem on Fourier
integral operators which covers the averages in this general case. The special
case m = 1 was recently considered by Liu and Yan [I2] who obtain LP
boundedness of 9t in the partial range p > % and d > 4. Here we prove
the optimal result in the range p > d%‘ll, for all two-step nilpotent Lie groups
with d > 3.

Theorem 1.1. Let d > 3, let G be a general two step nilpotent Lie group
of dimension d + m, with group law (1.1). Let % <p<oo. Then:

(i) For u € C°((0,00)), A > 0, f € LP the functions s — u(s)Af(z,\s)
1/p
p,1

are continuous and belong to the Besov space B}, for almost every x € G.

(i) The maximal operator M extends to a bounded operator on LP(QG).
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Here B;,/lp (R) is the standard Besov space which is embedded in the space
of bounded continuous functions. We shall in fact prove for all A > 0

(14) ([ 1a0A7@ 3 gy 7o) S 11

where u € C2°((0,00)). This implies that sup;.o [A¢f ()| = supieq |Aef ()]
almost everywhere and establishes 91 f as a well defined measurable function.
By a standard argument Theorem [I.1] implies

Corollary 1.2. Let f € LP(G), p > d%‘ll. Then limy_,o Af(z,t) = f(x)
almost everywhere.

It is also of interest to consider a local variant for which we get a restricted
weak type inequality at the endpoint p = %:

Theorem 1.3. Let p > d%‘ll and let I C (0,00) be a compact interval. Then
A maps LPH(G) to LP*°(G; L>=(I)).

The optimality in the above theorems is shown by modifying an example
of Stein [20], see also the discussion in [12].

Outline of the paper and methodology. In §2| we reduce matters to the case
where the matrices Ji,...,J,,, are linearly independent. In §3| we set up
standard dyadic frequency decompositions of the measure v and formulate
the main Proposition to be proved for the boundedness of the local
maximal operator. The arguments to extend to the global maximal operator
are taken from [I3]; we include a sketch in The main L? estimates are
discussed in here we first recast Proposition [3.1] in a convenient form
using Fourier integral operators, and then reduce matters to the problem
of getting uniform estimates for a family of oscillatory integral operators
acting on functions in R?. The main L? estimates for this family are stated
in Proposition [5.2] The crucial part of the paper is §6| where we give the
proof of this proposition via two decompositions of the operator into more
elementary building blocks which are combined via almost orthogonality
arguments.

Notation. For nonnegative quantities a, b write a < b to indicate a < Cb for
some constant C'. We write a ~ b to indicate a < b and b < a.

Acknowledgements. The second author thanks Shaoming Guo for re-raising
the question and Brian Street for conversations on general pointwise con-
vergence issues. The first author was supported in part by KIAS Individual
Grant MG087001 during a research stay at UW Madison. The second author
was supported in part by NSF Grant DMS-2054220.

2. PRELIMINARY REDUCTIONS

In the following theorem (which will be proved in subsequent sections)
we formulate the main results, with a hypothesis of linear independence on
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the skew-symmetric matrices entering in the group structure. We then show
how the proof of Theorems [I.1] and [I.3] are reduced to these results.

Theorem 2.1. Let Sy,...,Sy, be a linearly independent set of skew sym-
metric matrices. Let U be a neighborhood of the origin of R¥™1 and let
g:U — R be a C® function satisfying g(0) = 1, ¢'(0) = 0, ¢"(0) positive-
definite. There exists p > 0 such that the following holds for CZ° functions
Bo supported in an ball U, C U of diameter p centered at the origin in Ra-1:

Let Ty(w') = g(w)er + 3%y wiei, and define
(2.1)  Af(z,t) = /f(ac —tly(w'), T — tz €27 SiTg(w")) Bo(w')dw' .
i=1

Let u € C°((0,00)). Then for p > 7% the inequalities
20 s SN g ooy < ClSlagasen
(2.2b) I Sup AN 2o gasmy < ClLENoam),

hold for all functions f € LP(R*™). Here C' depends on e, p but is inde-
pendent of f, and independent of 8 as By ranges over a bounded subset of
C*(U,). Moreover for a compact interval I C (0,00)

(23) Hess Supt€I|Atf|HLp,00(Rd+m) < CIHfHLPJ(Rd-&-m), b= #il

We fix a point y, € ¥ and show that the operator f — f * (x¥ou):
satisfies the asserted inequalities where x¥° is a C2° function supported in
a neighborhood of .. Once this is achieved we can use a compactness and
partition of unity argument to deduce Theorem Let es1 = Yo/|yo| (recall
that the origin lies in the domain surrounded by ¥ and thus y, # 0). Pick
unit vectors e,;, 2 < i < d so that es1,...,¢e54 is an orthonormal basis of
R%. As €01 does not belong to the tangent space to |yo| 1% at e, 1 we may
parametrize |yo| ~'Y near eo; by

d
D) = GW)eor + 3 wiees
=2

here (w')T = (w2, ...,wy) and the function G satisfies
G(0) =1, G'(0) = b and G”(0) positive definite.
We then have for v = yu
Fren) = [ £ = telD). @ — el 0 ) o)

with xo(w') = X¥° (50D (@) ]ye|4(1 + |G (w')|2)!/2 and 2TJT(w') denotes the
vector > 7 eqizT ;T (W').
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Let P be the (d — 1) x d matrix defined by P = (0 Id,l), corresponding
to the projection (z1,z2,...,xq4)T — (x2,...24)7. Let R denote the rotation
satisfying Reo; = e; for i =1,...,d. Then

d
RI(W") =TgW') == G(W)er + Zwiei = G(Ww)e; + PTW'.
=2
Setting J; = |yo|2RJ; RT we define A f(z,t) = Agl]f(:v) by

(24) AV f(z) = / fla—tT6(W), =Y eariaT JTa(w')xo(w)de.
=1

Then we compute
£ = AB(lye| ' Re,3), with h(z,7) = f(|ye| Rz, 7).

Since R~' = RT it suffices to prove (I.4) and the maximal bounds A in
place of A.

We now use another transformation to reduce to the situation in Theorem
To this end we set g(w') = G(w') —bTw’ so that ¢’(0) = 0 as in Theorem
(recall b = G'(0)).

We then have

Az[/l]f(x) = /f(:zl —tg(W) =t 2’ — t' T — to(z, W) Xo (W) dw'

where v = (01,...,0,,) with
7i(z,w') = 2TJ;(g(w') + bTw')ey + 2T J;PTu.

Now write

(2.5) 11 —tg(W) —thTw =21 — b7’ — tg(W') + b7 (2" — tw)

and

Ui(z,w") =(2")TPJierg(w') + (2')TPJier (bTw') + (bTa")el J; PTo
+ (21 — bT2)el i PTo! + (2/)TPJ;PTW.
Observe that, with I'y(w') = g(w)e; + PTw/,

(2')TPJier(bTw') = —2TPTPJTe1bT PT,(w')
(b2 )el J;PTw' = zT PThel J; PTPT 4 (w),

also the analogous formulas remain true if on the right hand sides z is
replaced with (21 — bT2’)e; + PT2’. Furthermore

(2')TPJierg(w) + (z1 — bTa))el J;PTw' + (2)TPJ; PTu
= [(z1 —bT2)es + PTJ:’]TJ;Fg(w’).
We combine the above observations, and setting

(2.6) Ji = Ji + PTbel J;PTP — PTPJTe b P
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we see that J; are skew symmetric d x d matrices satisfying J;eq1 = jiel,
and that

(2.7) Ti(z,w') = [(z1 — bT2")e; + PT2/|T T, (o).

Now if we define

28)  APf@) = [ fa- ) t}jmﬂxz ()Xo ()

then it follows from (2.5) and (2.7 that

Al f (@, 0! 7) = AP fy(wy — 0T 2 )

(2.9) . o S
with fo(y1, v, 9) = fyr + 0Ty, v, 7).

Hence the desired bounds for Al and AP are equivalent. For the case that
the matrices J1,...,Jmn are linearly independent and the LP bound-
edness of the maximal operator in theorem can now be obtained from
Theorem (using S; = J; in that theorem).

In the other extreme case, when all 7; are the zero-matrices the LP bound-
edness of the maximal operator operator (and the analogue of ) follows
by an application of the spherical maximal theorems in the Euclidean case
in R? ([20]) and integration in the vertical variables. In this case we also
have the result for d = 2 by using Bourgain’s theorem [4] (although this is
not needed in our proof). If d > 3 the restricted weak type inequality for
p = 7% can be deduced from [3] and a slicing argument.

It remains to consider the case where the matrices J; are not all zero but
are linearly dependent. For this case we need a further reduction.

Lemma 2.2. Assume that J1,...,Jm are not all zero. Then there exist
linearly independent skew symmetric d X d matrices Sy,...,S,, with 1 <
n < m, and an orthogonal matriz V € O(m) such that for .A?l as in (2.8)
(2.10) AL f (@) = AP fy (2, VE),

with fv(y) = f(y,VTy) and

(2.11) .At?’]f /f z—tly(w'),z — tz ed+izT SiTg(w')) xo(w')dw' .

=1

Proof. Consider a basis F1, ... EFqa—1) in the space of d X d skew symmetric

2
matrices. We can express the J; in terms of the basis matrices, and obtain
d(d—1)

Ji = Zj:f cijEj, 1 = 1,...,m for suitable scalars c¢;;. We denote by
C the m x d(dT_l) matrix whose (7,7) entry is given by ¢;;. We apply the
singular value decomposition of the transposed matrix CT. That is, we
decompose CT = UDV where U is an orthogonal d(d dld=1) @

matrix, V
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d(d—1)
2

is an orthogonal m x m matrix and D is a X m matrix such that

D — s f1<i=j53<n
Y00 otherwise.

Here n < min{ d(d—1) ,m} and s1 > --- > s, > 0 are the singular values. For
the coefficients of C' we then get

d(d—1)

2 m
Cij = (CT)ji = Z jkaf‘/h Z U]kskvkll
k=1 (=1
Defining
d(d;l)
Sk = Sk Z U]kEJ, k= 1, n,
j=1

it is clear by the invertibility of U that S1,..., S, are linearly independent
skew symmetric matrices and we obtain

d(d—1) (d 1)
2 n
‘71‘ = Z ng Z JkSkV]ﬂE ZVMSIm 1= 1,...,m.
j=1 j=1 k=1 k=1
Hence (using VT = V1)
x—tZe,ij =VT Vx—tZeka:TSkF (w )]

k=1

which gives (2 . ([

By Lemma the desired bounds for A?] and A?] are equivalent. We
show how Theorem yields the maximal estimate for AF}; a similar ar-
gument shows that can be obtained with AP in place of A. In R™
we split variables T = (#,7) € R® x R™™". For h € LP(R¥") we define
Ah(x,t) = Ah(z) by

n
Wh(z, ) = / B — Tg(), 7 — 1> eapiaT STy(w))xo(w)do!
i=1
and we get from Theorem [2.T]applied with n in place of m, that the operator
h + sup, |;h| is bounded on LP(RU") for p > 4. Here we need to
assume, as we may, that p > 0 is small enough, i.e. the support of w' —
Xo(w') is in a sufficiently small neighborhood of the origin.

Let f*(z,2) = f(z,%,%), and observe that Ags]f(@,iz,a“:) = A f¥(z, T).
We apply the LP(R%")-boundedness result for h — sup, |A:h| to the func-
tions f* and get

//|sup|A[3] , &, 2)|Pdxdz < CP // |f(z,z, %) [Pdedz,
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with C independent of . Integrating over & € R~ gives the desired result.

We have now reduced the proof of Theorem to the inequalities in
Theorem The above arguments also reduce (after minor modifications)
the proof of Theorem to the proof of inequality . For the remainder
of the paper we will be concerned with the proof of Theorem

Remark. The shear transformation showing the equivalence of the LP bound-
edness of the maximal functions associated with Al!l and A2 is not needed
for the spherical case ¥ = S9! when b = 0. However in the general
case it seems necessary, and we take this opportunity to correct an inaccu-
racy in [I3] which deals with the case of Métivier groups (i.e. the matrices
it ¢i; are invertible if (ci,...,¢y) # 0). There it is stated that this re-
duction follows for more general ¥ by a rotation argument which is not the
case. One can use the above shear transformations instead and deduce that
the arguments in [I3] apply to surfaces ¥ that are small perturbations of
the sphere. Such a perturbation assumption would be needed for the proof
in [13] since the Métivier condition on the matrices J; (and, equivalently, on
the J; = |yo|>RJ; RT) guarantees the Métivier condition on the matrices J;
in only when b is sufficiently small. In the setup of this paper there is
no such small smallness assumption on b needed.

For the remainder of the paper we will give the proof of Theorem
and fix linear independent Si,...,S,, linear independent skew symmetric
matrices. For later use notice that this assumption implies that there is a
co > 0 such that

(2.12) ! for all § € R™™! with 1/4 < [0 < 4

This is immediate from the fact that § — ||>°,_;60;5;| is a continuous
function which takes a minimum and a maximum on the annulus {6 : 1/4 <
|0| < 4}, and by the assumed linear independence this minimum is positive.

3. DYADIC FREQUENCY DECOMPOSITIONS

We now use the group structure on R given by . ) but with the J;
replaced by the skew symmetric matrices S;, with Sl, Y 11nearly inde-
pendent. We denote by v the measure defined by (v, f) = [ f ,w', 0)dw’
which can also be written as the pairing of the dlstrlbutlon

Bo(z")B1 (1, 7)0(x1 — g(2'), T)

with f, where ¢ is the Dirac measure in R™*! and f is a C* function
supported in a ball of radius ¢ < 1 centered at the origin of R4~ and 3 is
a C™ function supported in an e-ball centered at (1,0,...,0) € R1*™, We
assume that o is small compared with the reciprocal of the C3 norm of g,

also 0 < [|(¢”(0))7!|~! and finally o < co where cg is as in (2.12)).
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We use a dyadic frequency decomposition of the Fourier integral of § to
decompose v = Y 22, v¥ where

(31) I/k(l‘) /81 1,% //C 0_2_‘_‘7_ ) io(z1—g(x ))—H(Ta:)do_d,r

27‘1’ m+1

where (p € C°(R) is supported where in (—1,1), {o(s) = 1 for |s| < 3/4
and (x(s) = (o(27%s) — (o(2'7%s) when k > 1; hence, for & > 1 the function
G = G1(27¢ 1) is supported in (2%, 27%+1) For k > 0 we make a
further decomposition in the o-variables setting

(3.2) Pl (x) = Bl 5”21 m+1 / / Cot(o, 7)o@ —9E@NTHRE) gy g7
7T

where

Cos(on7) = GR7RVE2 TR G (2 ) for < K
RUDT) =N 20 R o F T P)Go(o) for | —

ie., for k> 1, 1 < k we have the restriction |o| + |7| ~ 2¥ and |o| ~ 2F~!

in the frequency variables. We set Vfl( ) = td72mykl(—1y 1727) and

similarly define v/f.

We state the main local estimates for f uf !

Proposition 3.1. Let ¢ > 0. Let I be a compact subinterval of (0,00).
Then there exists a constant C = C(e,I) > 0 such that the following holds
for1 <p<2.

1/p
(33) (/IHf*Vt HLp Rd+m)dt) 2l k /Hat f*Vt )HLp Rd+m) )

k=1 a2 .
¢2 20w ”fHLp(Rd+m) if 1<p<2,

_k(d=1) jod-2 .
c2 v 2% +8)HfHLp(Rd+m) if 2 <p < o0.

<

Corollary 3.2. Let 5 4 < p < oo and u € CX((0,00)). Then for almost
every x € R&T™ the functwn t— Af(x,t) is continuous, and for A >0

1/p
(3.4) (/Rd+m HU(~)Af(x,A')H’,;;gfdw) S 1l L (ratmy-

Proof. The first statement follows from the second, since B;/lp embeds into
the space of bounded continuous functions. By scaling we can assume that
A=1 Let1 <p <2 SetRFIf(z,s) = u(s )f*yfl(x) We use the
interpolation inequality HgHBe < lglly™ i Hp (0 < 6 < 1), Holder’s in-

equahty, Fubini and the proposmon to deduce that the left hand side of

is dominated by

_ ;{1_9
lwAfloiss ) S IRE (o IORS Fll ooy S 2 :

k(dp

(20—
2T £l
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The desired inequality follows by summing over [ < k and then summing
over k (which is possible if d > 3 and % <p<260=1/p). A similar
argument applies for p > 2. O

Proof of the restricted weak type inequality in Theorem [2.1 We first assume
that the matrices Ji, ..., J,, are linearly independent, in which case we can

apply Proposition with S; = J;. Let RPUf(x,t) := f x uf’l and as in the
proof of Corollary we have that R¥! maps L? to LP(L*>) with operator

k(=) gl — 52 ) d-1 -
norm O(272 # /2 "r p ). If 1 < p < 9= we may (for sufficiently
small €) sum in [ and obtain in this range

k(l_d=1
lless supyes|f * vF|| e < 2 G )Hpr-

~

We are now applying the ‘Bourgain trick’ in [3] to sum in £ and deduce that

less supye;|f * villlzoce S I flloea,  p= g% O

The most interesting part of Proposition is the L?-estimate. The LP
estimates follow by interpolation with L' estimates which we now briefly
discuss.

L' and L> estimates. In what follows 3(x) = B1(z1,Z)Bo(2'). By integra-
tion by parts with respect to o, 7 we obtain the inequality

2k—l 2km
(1 + 282y — g(a/))N (1 + 28 [z[)N”

(3-5) W ()] S

moreover 2-FVRL 2l_k83y§’l, 2l-2k g vyt satisfy for |s| ~ 1 the same
pointwise bounds. Hence we obtain

(3.6) 151+ 2 o]

151
and by an application of the fundamental theorem of calculus we get

(3.7) | sup [f =B, < 257 £l
1<s<2

and of course we have || sup;<z<o |f * uﬁf’l|||C>O < || flloo- For later use we also
record

(3-8) VoAl + 2R Vot S 2F

We will show in the next section §4 how to prove the LP boundedness for
the global maximal operator, given the result of Proposition The proof

of Proposition [3.1] will be given in §5|-§6
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4. THE GLOBAL MAXIMAL OPERATOR

The reduction of the bound for the global maximal function to Proposition
follows closely arguments in [13]; we include a sketch for the convenience
of the reader. Recall that v*! is compactly supported and that

‘/Vk’l(x)dx‘ <y 2RV

this is seen by using (3.2) and repeated integration by parts, with respect
to (z1,z) if [ is small and with respect to z if [ is large.

As noted in [I3] we can write
via(z,2) = K (2, 2) + ypu(z, 7)

where u is a C2°(R4T™) function, |yg,| < en27¥N for [ < k and

(4.1) /Kk’l(x)d:c =0.

Clearly if w(y,y) = t_d_zmu(t_lg,t_zy) then the maximal operator [ ~—
Sup;g | f * Ykiwe| is bounded on LP(RYT™), for 1 < p < oo, with operator
norm O(27%) and so it suffices to prove that

(4.2) sup | £ * K
t>0

d—2
7 £l

d—1
e <o (14 k)28~ 7)2l

for a suitable power c.
We first consider the case p = 2, which is a consequence of

2 1/2 B 2 1/2
@3) (X [ 17 er5ads) 4 2 (S [ 0ur < K5 Ies)
neZ nez

S VI k2T HEE )| £

For each fixed n we have

2 1/2 2 1/2
(44) ( /1 1+ K5 Bads)  + 27 / 104 (F * K5, |32

Se 2 F ) g

This follows from Proposition with I = [1,2] and scaling, applied to the
convolution operators with convolution kernel Kf ! but clearly by the above

discussion we can replace Kf ! with IC,’fC L To finish the proof of (4.3) we need
a following variant of the Cotlar-Stein lemma. Let Hy, H2 be Hilbert spaces
and let T}, : Hy — Hs, n € Z be bounded operators. Assume B > 2A, and

HTTL||H1%H2 < A7 ||TnT’:/||H24)H2 < B227€|ninl‘
for all n,n’ € Z. Then for all f € H*
1/2 B
(45) (S Iml) " < A+ B/AY 7,

nel
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This is proved for the case Hy = Hj in [I3] Lemma 3.2] but the proof also
extends to the situation of two different Hilbert spaces.

We apply this with H; = L2(R4™) and Hy = L2(R™ x [1,2]), for the
operators T, U, : Hi — Hj given by T),f(x,s) = f * IC’;;LIS and U, f(z,s) =
f:K51,. Clearly we have | T, Tt || <o A2, with Ay, = 27 *(@-D/2+(d-24+9)/2;
we use this for [n —n'| < 2k. As Vf’l, 2_kV1/§’l, 21_’“851/1,?’[, ZZ_QkV(?SVf’l are
for s &~ 1 pointwise dominated by the right hand side of the kernels
IC];’Z, 2_kVIC’§’l, 21_k881C§’l, 2l_2kV851C’§’l satisfy up to a constant the same
bounds. Since they are also supported on a fixed common compact set we
have

IS+ 275 IV 1+ 270K |1 + 272 VA KL = O(1)

for |s| ~ 1. Using the cancellation property (4.1) a standard calculation
gives

(4.6) 1f % K5, 5 KN 1o+ 272 £ 4 95 % 0K, [l S 271 £l

so that we get || T, T + 22| U U|| < 27|, We may thus apply
with B/A = O(2FC). Now (£.3), and in turn for p = 2 follows.

We interpolate with a weak type (1,1) inequality exactly as in [I3, §6].
This is proved by Calderén-Zygmund estimates with the underlying struc-
ture of balls with the parabolic dilation structure. For r > 0 let B,(0) =
{(z,2) : |z| <7 |2| <r?}. We then get the estimate

sup / sup ‘Kf’l(@—g,i—ﬂ—gij)—Kf’l(@,:ﬁ)‘dgdi
(4.7) y€By J (Bro,)t 1<t<2

< min{2k~!, 2kCony okCon,—11.

here the O(Qk*l) bound is used for 2710k < 2=y < 210Ck 4111 is immediate

from the above bounds for ||9,K%!|;. The bounds 2*¢ min{2—"r, 27r—1}
follow by standard and straightforward estimates for singular integrals. The
above L? bounds together with ({.7) (and summation in n) imply

(4.8)  meas({z € R*"™ : sup If = KK (@) > o)) < (1+ K25 LY £y
>

and the LP bounds for 1 < p < 2 follows by the Marcinkiewicz interpolation
theorem. Moreover the LP bounds for p > 2 can be proved by interpolation
with L*° bounds for the maximal function.

Remark. A modification of the argument above also yields the slightly stronger
bound

1/
( / sup [u()Af (2,2 L) S fln P> 2t
n P,
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5. BASIC CONSIDERATIONS FOR THE L? ESTIMATE IN PROPOSITION

It suffices to prove the proposition for functions that are supported in a
small neighborhood of the origin since one can use a standard argument using
a tiling via the group translations to reduce to the general case (for more
details we refer to §2 of [I7]). We follow [17] to discuss further reductions
which will simplify the forthcoming L? bounds.

5.1. A shear transformation. When acting on functions f supported in an
€2 neighborhood of the origin we can rewrite f x yf’l = AR f(z,t) where

2 f(a,t) = [ K o) )y
Bl ..
and K, is given by

K (a,y) = 772 (1 @ — ), 6727 — g + aﬂﬁy))

(5.1) =a(x, t,y / Cra(o, 7)€" HOR S

y

N+ ,T— ?+£T§y)dad7

with

a(w, t,y) = (2m) " 2mgy (o I y+w5y)ﬁo(w; )

Notice that @ lives, for [t — 1| < &2 where |21 — 1| < €2, |2/), ]2, Jy| <
2. Introducing the frequency variables ¥ = (91,9) € Rmﬂ, with ¥ =

21=kt=15 9; = 217%t=21, we can rewrite the integral as

(52) KF(z,y) = 2k D0+m / / GO (203 + £491)12)

&(x,y’t)ez‘Q"'*l(ﬂl(m—yl—tg( 2= ))-H5 ﬂ@)d??ldﬁ
When | = k we get a similar formula where (;(2't9;) is replaced with
Co(2't1).
Following [I7] we rewrite the phase and verify that
m
O (x1 —y1 — tg(55%)) + Z%(T@ —7; +27Siy)
i=1
m

(5.3) Z 27Sier) (21 — y1 — tg(*5%))

))

m
+ Z@' (Zi + 2127 Sier — §; + 2TS; PTy — 2T Siertg(L 7Y
=1
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Setting 61 = ¥ — Z:’;l 0;27S;eq, 0; = 19, we can write the Schwartz
kernel using the (61,0) frequency variables. Define the phase function ¥ by

(5.4) Y(x,t,y,0)=

m
O1(z1 —y1 Z — 7 +2TSiPTyY — 2T Siertg(YFL)) .

Based on the above calculations it is convenient to consider a variant A%
which is related to A¥! via a shear transformation (see . 5.8)) below). Let

ARz t) = /ICkla;y

where the Schwartz kernel is given by

(5.5) ICf’l(a:,y) — 9(k=1)(1+m) // eizkflxp(x,t,y,a)&(x’tjy)t1+2m «
G20y + 27S%1)) ¢ ((12(61 + 275%1)? + £416])1/%)d6, db,

with the modification that for k = I we replace @(2%(91 + 275%;1)) with
Co(2't(61 + 27S%;)). Here we used the notation S = 3", 0,5;.

We deduce the L2-estimate in Proposition from the following variant.
Proposition 5.1. Let ¢ > 0. Then there exists a constant C = C(g) > 0
such that

_k(d=1) ;d—2
(5:6) AP Fll ooy 2 < Ce2 T 2T oy,

with Cg bounded as ¢, ¢°, a are varying over bounded subsets of C2° (with
the above support assumptions).

Proof that Proposition implies Proposition [3.1. Using (5.3) in we
see that (for [ < k)

(57) Kkl( y) (kfl)(ler) // €i2k_1\fl(z,t,y,9)&(x7t’y) «
G2 (01 + 2TS%1))C1((£2(01 + z7S%1)2 + t4[0]2)1/2)d6, df

with U(z,t,y,0) = U(z, T+ 2127 Sey, t,y,0). When k = [ replace C1(2M(6, +
275%1)) by (o(2'(0; +275%;)). With this choice of ¥ we have the identity
Kf’l(x, y) = ICf’l(;c, Z + z7Sey, t,y) and thus

(5.8) Aol f(z, 2, t) = A f(2, 7 + 27 ey, 1).

A similar observation holds for & = [. Hence Proposition immediately
implies the first half of (3.3)), by a change of variable.

To prove the derivative bound in first observe
0 (x,t,,6) = (61 + 278e1) (<x L Vg(E7)) - o(£74))
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From (j5.7)) we calculate that the Schwartz kernel of atmfl is given by
(5.9) O = K + Ky + 2 Ky

where the kernels on the right hand side are given as in ([5.7)) but with ¢, do
replaced by ¢l alll for i = 1,2,3, resp., with the specific definitions (for
I <k)

MWis) = sci(s), P =a(s), Fs)="2auls),
and
altl (x,t,y,) = tilé(x,t,y)
a2 (x,t,y) = Oa(z,t,y)
i, t,y) = 1l b, y) ((F72, Vg(272)) — g(25)

For k = [ replace ( by (p. These formulas show that the derivative bound
in (3.3) follows from Proposition as well. O

5.2. A family of oscillatory integral operators. It remains to prove Proposi-
tion for p = 2. We reduce it to a result on oscillatory integrals acting on
functions on R%. Here we write, 2 = (21,2'), ¥ = (y1,¥’) for the vectors in
R?, omitting the underbar. In what follows we are given a skew-symmetric
d x d matrix S and assume that its matrix norm satisfies

(5.10) co <|IS] <t

with cg > 0; in particular the rank of S is at least 2.
We define the phase function i by

/

(5.11) Y(x,t,y) = yi(21 — tg(X7L)) + 2TS(PTY — tg(* 7 )er)
and set
(5.12) o(z',y1) = y1 + (2')TPSey.

The function ¢; can be split as (1 = ¢ + ¢; where supp(¢;") C (%, 2) and
supp(¢; ) € (=2, —3).
Setting A = 2¥~1 and letting I < k we define, for functions f € L?(R9),

(5.13) TM f(z, 1) = / M@ (2, 1,1) f () dy
where

X($,t,y)€(2lt0(ﬂfl,y1)), I<k-1
X(w7t7y)<-0(2lta(xlayl))7 l=k.

Here y is C2°-function supported where ¢ ~ 1, |2/|,|y/| < o, and diam(supp(x)) <
o. For I < k — 1 we use the convention for ¢ to be either Cfr or (; . Note
then that for I < k — 1 we have |o| ~ 27! on supp(;) and in addition the
sign of ¢ is the same for all (z,t,y) in the support.

(514) Xl(xatvy) = {
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Proposition 5.2. Suppose ¢y < ||S|| < ¢yt Fore >0,

=2y, _d
(5.15) HT)\JfHL?(]RdX[l/ZQ]) S C2' 0 EIN s HfHL2(Rd)-

The constant C. depends on cg but not on the specific matrixz S, and stays
bounded if (s, (fc,x range over a bounded set of C2° functions.

For [ > 1 this is the main technical result of this paper; see

5.3. Reduction of Proposition to oscillatory integral operators. We will
use Proposition[5.2to deduce Proposition[5.1] The estimate is more straight-
forward if @ can be written as a tensor product of functions of each of the vari-
ables x;, t, yr. To reduce to this situation we choose functions x; — «;(z;),
t—y(t), yi — Bi(yi), i = 1,...d, all with compact support such that

d+m d+m

a(z,t,y) : HOéz-Tz H/Bjyj

equals 1 on supp(a), so that the support of each factor is contained in an
interval of length less than 2.

On the support of @ we have the following Fourier series expansion
d+m d+m
az, t,y)tttm = > Cnwpe™ T e [ e
(n,v,1) EZx Zd+m x 7d+m =1 Jj=1
where the coefficients ¢, ,,,, are rapidly increasing. This yields a decompo-
sition
d+m

(5.16) Ak‘ lf x t Z Cn V’#eltn H ell‘leAklf x t)

n,v,p

Kl . . o
where A" is factorized as a composition of three operators,

(5.17) ARl f (0, t) = 200D FnghL FEL £ (2 ¢);
here F}" is defined on functions (z,0,t) — G(z,0,t) by
d+m 1)
(5.18) FrG(zz,t) = [] oilxs) G(g,@, e @0 g,
i=d+1
G*! is defined on functions (61,1/,0) — F(61,%,0) by
(5.19)
GH' P (.0, Haz 2 / 2o 0 (910 42T e )
01,y,0

d
x CL((£2(01 + 275%1)2 + £4[0]2)1/?) H F(01,y',0)d0dy'do
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with
_ )
(520) wg(xlax/7t7917y)*gl(xl_tg( )) xTSG(PT (IE ty )61)7

and finally .7-"12”: is defined on functions (y1,v',%) — f(y1,v,7) by

(5.21) FrLE(01,y/,0)

d+m
=/ 2O @O 1 3y (1) T B (i) f (v, v B)dyndy.
j=d+1
We have the estimates
(65:22)  IFGllpasmery S 272G pagarmry
(5:23)  GH Fllgaguarmeny < C2 T H927 K2 Bl Ly garm
(5.24) IFT Fll pogatmy S 27F D2 £l o gy

and clearly the desired estimate (5.6|) follows from (5.22)), (5.23)), (5.24) in
conjunction with (5.16)), (5.17) and the rapid decay of the ¢, ;.

We justify the L? estimates. (5.22)) is an immediate consequence of
Plancherel’s theorem in R™ and likewise ([5.24)) is a consequence of Plancherel’s
theorem in R™*!. It remains to consider ([5.23)); here we rely on Proposition

With ¥ as in (5.20) define for functions (61,y) — g(61,7')
(5.25) TMg(z,t) =

/ exp(iA? (z, 1, 01,y )X (2, 1, 01,5/ )C1 (240 (2, 61)) g (61, v/ )b dy/
01,y

where o (CE 01) =61 + 278%; = 61 + (z )TPSgel, moreover

d
(2,1, 01,y HOQ z; H (y;)C (2 (01 + 278%1)? + £1]6]2)1/2).

By Proposition we have with \ ~ 2F
(5.26) HT 9||L2 (RA+1) S 21( 2 +5)2 kd/zHg”LQ(Rd)

uniformly in 0; note that we have exactly the setup in , except there we
use the notation x for x, y; for 61, and S for S?. For the estimate the
uniformity assertion in Proposition is crucial and so is the assumption
of the S; being linearly independent, resulting in the uniform bound .
We have GFLF(z, 0, t):T;k_l’l[F(-,@)] and thus applying gives .
This covers the case I < k, and the case | = k is analogous, requiring a
minor notational modification. This finishes the proof of Proposition

given Proposition
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6. PROOF OF PROPOSITION

For small [ we shall rely on a standard T*T argument from [9]. The
main part of the proof concerns the case of large [; here we rely on almost
orthogonality arguments based on the Cotlar-Stein lemma, in the following
version. Consider a finite set V indexing bounded operators T,, : Hy — Ho
where Hy, Ho are Hilbert spaces. Then we have the following bound for the
operator norm of the sum:

(6.1) ’ ST,
veVv

This well known version follows by a simple modification of the proof in [21],
ch. VIL.2] (¢f. also [7, p.223)).

. 1/2 «111/2
oy & DN T i+ 00 DI it

6.1. The case of small l. This is the regime where one can use a standard
T*T argument (cf. [9]). Recall that g(0) = 1, Vg(0) = 0, diam(supp(x)) <
0 < 1, in particular |2'[,]y| < 0o < 1 for (x,t,y) € supp(x). Denote as
before

(6.2) o=o(2,y1) =y + (2')TPSe;.

Let the (d 4 1) x d matrix 9;0; 1) be defined by (9)0,%)ij = 0p, 0y, ¢ for
1<i,j<dand (0)0r4¥)a11,; = 040y,1 for 1 < j < d. One calculates ([17])

(6.3) 9 0zn)¥ ‘ (wty)

1 e]SPT
G ol )y (£5L) + PSPT + PSer(g!(Z54)T
—1+g(x,t,y) —t 20 (' ;1) (2’ — o )Tg" (FFE)

where g(z,1,y) == 1 — g("7%) +71g () (@' — ).
Using ([6.3) we obtain for the determinant of the d x d submatrix 99,1

det(A] 0,0 (x,t,y)) = det (1o (a’,y1)g" (XFL) + PSPT) + O(o).

From [13, Lemma 5.3], it follows that the matrix tilog”(#) + PSPT
is invertible. This says that 9J0,¢(z,t,y) is invertible for all (z,t,y) €
supp(x). Also, the derivatives of the amplitude x(z,t,%)) (2o (', 1)) are
bounded when 2! ~ 1. Thus the standard oscillatory integral theorem from
[9] applies and we may conclude the bound ||[TMf(-,t)|| < C()AY2||f]|2

which one uses for 2! < o1

6.2. The case of large I. We may assume that 27 < ¢ < 1 (recall from the
beginning of §3|the specifications of the parameter p). Choose an orthonor-
mal basis e, ...,eq with ¢; = e;, and Se; € span(ez). Set

(6.4) &) = max{|Se;|,27'}

To prepare for almost orthogonality arguments we tile R? into boxes with
sidelengths (2//d\~1, 2le/d\=15-1 gle/d) N1 [9ll+e/d)\=1) " with the
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sides parallel to the e, e9, e3, ..., ¢4. The family of boxes s can be parametrized
by Z%; we define the lower corners by c(3) = ZZE/d(A*IMQ + /\*15[_132@ +

S04 20A 55e:), and let
5(3) = {y : (cGrs - 30) &) < (y,e0) < (e(art1,- o 30+ D) e), i =1, d}

We also write ¢ = ¢(3) if s = 5(3). Denote by & the (finite) family of
those boxes which intersect {y : (z,t,y) € supp(x) for some (z,t)}. We
then decompose

(6.5) TV =" TM, with TM[f] = TM[f1].
s€6

Note that

(6.6) TM(TNY =0if s #5'

Notice that we have [T f(z,t)| < |s|'/2||f||2. Because of the compact
support of the kernel in the (x,t) variable we see that the L? operator norm
T (|22 is O(]s|*/2). Tt is crucial for our analysis that this can be improved

by a factor of (511/2:

Lemma 6.1. There exists a constant C > 0 independent of s € & such that
the estimate

_d j(d=2
[T 70| oy < OA 224 2

holds for every s € &, with C independent of t € [1/4,4] and s.

Proof of Lemma[6.1. We have |s| < 2/(@=2+9)52A\=4 and therefore obtain
ITM PGl gy < 21024925 12N 002,

Let ¢; < cg be a small constant, and the displayed estimate is already
sufficient if |Se;| > ¢1. In what follows we consider the case |Se1| < ¢1. We
freeze t for this proof and write T2 f () = To f(, 1), all estimates will be
uniform in ¢ € [1/4,4].

As Sy = (e]SPTy,y1PSey + PSPTyY') and [e] SPTY/| + |y1 PSe1| S ¢,
moreover ¢; < ¢y we see using that

(6.7) sup |PSPTY| > co/2.
y €RITL1/4<]y’|<4

Let d, be the smallest integer greater than or equal to (d — 1)/2. Since
PSPT is skew-symmetric, there exists nonnegative numbers s; > -+ > sq4,
and orthonormal vectors 1,...1Ug_1 € R4 such that

PSPy 1 = silly;,

6.8
(6.8a) PSPy = —sitig;i—1,
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for 1 <i<d, if d—11is even, and
PSPV = sy,
PSPy = —s;to;—1,
for1<i<d,—1,ifd—11is odd. By ,Wehaveslzco.

To estimate 7;” f, we further decompose the slab s into smaller pieces.
Since PSe; is orthogonal to e; we can decompose PSe; = Z?:_ll «a;t; and
let b = By1i1 + Baila where 87 + 52 = 1 and az8 — 132 = 0. Then b is a unit
vector in span(i, W2) with the property that PSPTh = — (35117 + 25112 iS
perpendicular to PSe;. For later use notice that |[PSPTh| = s;.

(6.8b) PSPy, 1 =0

We now decompose s into subsets t,(s) defined for n € Z by
(6.9)  ta(s) ={y=(y1,y) €5: 25N < (b,y/) < 2N (n + 1)}

Define 7;?‘,;1]" = 7;)"l[f]ltn(5)] so that 7;)"1 =>. 7;?;;1. As (PTb,e1) = 0 we
have
[en(s)] S 212N,
and by the Cauchy-Schwarz inequality we get
(6.10) 175 N2 e S 2102420742,
Since in view of the disjointness of the sets t,(s) we have 7;?‘7101(7; A;Ll,)* =0
for n # n’ it suffices, by the Cotlar-Stein Lemma, to show
(6.11) (T Topllzeosre S 2N n—n/|7V it fn—n'| 2 1

for some large C1.
We now assume that y € v,,(s), z € t,/(s); since both y, z belong to s this
means that |n —n/| < C2!. The Schwartz kernel of (72,’1[)*7’)"1, is given by

s5,n

(612) Hn,n/ (ya Z) = ]ltn(s) (y)]ltn/ (s) / ei)\¢(x7t7y7Z)Xl(xa t, y)Xl (:Ua t, y) dx
where

(6.13) o(x,t,y,2) = =P(a,t,y) + P(2,t, 2).

The argument will rely on an integration by parts using the directional
derivative
d
0 PSPTD
6.14 Opr) = i— with v = ————.
(614 (000 = S with v = ey

Note that

d 1
(6.15) (v, 0p )Pz, t,y,2) = Z vi/o Oy Oz, (z,t,w™ (y,2)) d7 (y — 2)
1=2

(6.16) where w™ = w" (y,2) == (1 — 7)y + 72.
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Using (6.3), we write

(6.17) 9]0, z/;\

:ctw"' )

T/

= (y =2, b)PSPTb+ PSPTIL, . (v — 2') +
tlo(a’, wi)g' (%ﬂ)(y —2')—g( )(y1—21)—PSer (¢ (552))T(y/ =),
Since PSPTh and thus v is perpendicular to both PSey, PSPTIL,. (v — 2),
and |[PSPTb| = s; we have
(6.18)  OF (v, 00}y ) (4 — 2) = s1(y' — 2 D)+
(ts1) o (2!, w])(PSPTH)Tg" (£=27) (y =) =51 (y1—21) (PSPTH) T/ (254,
Notice from ([6.2) that
(6.19) ol@,(1 =1y +7121) = (1 —71)o(2',y1) + 7o (2, 21).

Thus if x;(2,t,y) # 0 and x;(z,t, 2) # 0 then o (2, w] (y, 2)) = O(27"). Since
Y,z € 5, we also have |y; — z1| S A7121/4 and |y — 2/| < A~1200+/dl Hence
the expression in the second line of display is O(A~12!/4). Finally
[(yf — 2, )| ~ |n — n/|\"121/ because (y,2) € t,(s) X ty(s). Thus, we may
use these observations in , to conclude that

(6.20) (0,00 (2, t,y, 2)| Z In—n/ X129 i jn—n/| > Cy

' —w

for a large constant C;. This lower bound allows us to integrate by parts in

the integral ((6.12]).

Let £ be the formal adjoint of g — (—(v, dy)¢) (v, ) g, i.e.
_ 0wy g{v,00)%

Lg = (v,0y A

9= 00N G 558) = W ome ~ (0.00)9°
Setting
(6.21) m(z,t,y,z) = xi(z, t,y)xi(z, t, 2)
we have

ooty Lm(@ by, 2
(6.22)  Hpw(y,2) = Loy)(¥) e, (5)(2) / Nty )W dx

In order to estimate £V, we first observe that because v and PSe; are
perpendicular we have (v, 0)o(z',y1) = 0 and (v, 0,/)9yo(2’,y1) = 0. This
implies that the functions (v, 0,79y, ¢ (z,t,w”), 2 < i < d, j > 2, belong
to ideal generated by o(z’,v1), a quantity which is O(27!). This in turn
implies that for (x,t,y,2) € supp(m), y,z € s

(0, 00 (. t,y,2)| S fyr — 2] + 27|y — 2/ S 2PN
A straightforward calculation together with (6.20) shows

1L, t,y, 2)] S AN @ — ') N for y € ta(s), 2 € to(s)
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and from (6.22)) we get

sup/ | Hp o (Y, 2)| dy + sup/ |Hyp o (y, 2)|dz < 2Md=2He=Ne/d) y=dy /| =N
z Y

for [n —n'| > C;. Hence we get (6.11)) by Schur’s test. O

In order to finish the proof of Proposition using Lemma and ,
it remains to show that the operator norms of (Ts’\’l)*T 5’}’1 are small if 5, s
are far apart. In order to quantify this we decompose the set of pairs (s, s")
in families Uy, 4,15 With k; € {0,1,2,...} which we now define. For s € &,
we write ¢k = (cg,¢;), 1 = 1,2, ¢t = Hopan(er e0)t = ZZ:3 ey

Let k1,k2,k3 € Ng = {0,1,2,...} such that 2% < 4X. To parse the
following definition note that 2[2%7!] = 2% if k € N and 2[2°7!| = 0 if
k = 0. We define Uy, 1, x; as the set of pairs (s,5") € & x & such that
(6.23a) 220 AT < o7lE/d|el ol < oty

(6.23b) 2|2r2 2R Tlg Tt < o7 )2 (2| < gretritls izl

(6.23c) 9| 2rs 1 |gretm \Tlgl < g le/d| L _ L) < gratRatRitl \—lgl
We let Uy ., s = {5 € & 1 (5,5") € Uy rp s} It is easy to see that for
every s € G
6= U ulilﬂw,lf?,'
K1,K2,k320

When all x; are small we can use Lemma [6.1] The following lemma gives
improved bounds if at least one of k1, ko, k3 is large.

Lemma 6.2. For k1,k2,k3 € Ny, (5,8) € & x & we have the following
estimates:

(1) If k1 > 5, Ko, k3 < 10 and (8,8") € Uy, sg,ks then for all N >0
(624) |’(T5A7l)*1;/>7l||L2—>L2 SN 27(l€/d+n1)N2l(d72+s)51—1)\7d )
(11) If ko > 5, k3 < 10 and (s,8") € Uy, ry.ry then for all N >0
(625) H (115/\,l>*1—‘5>/\7lHLQ_>L2 SN 2—(l8/d+f{1+I€2)N2l(d—2+€)6l—1A—d .
(iii) If k3 > 5 and (s,8") € Uy, ko ks then for all N >0
(6.26) ||(T5>\7l)*T5A/7l||L24>L2 ,SN 2—(ls/d—l—m+ng+ng)N2l(d—2+a)5;1)\—(1 ]

Lemma [6.2) will be proved in In each case, we will analyze for y € s
and z € § the size of the Schwartz kernel X, 5, = fKﬁ‘l’{52 of (EA’I)*T;,"I given
by

(6.27) st,s’(f% z) = 1s(y)Le(2) /eikcb(x,t,y,z)m(x,t,y, z) dzdl

with 7; as in (6.21]). Note that whenever [ < k — 1 the definition (6.21]) of n;
via (5.14)) implies that o(z’,y1) and o(2’, z1) have the same sign, and abso-
lute value comparable to 27¢. Our proof will then rely on various integration



SPHERICAL MAXIMAL FUNCTIONS ON TWO STEP NILPOTENT GROUPS 23

by parts in the integral (6.27). Specifically for (s,8") € Uy, xyx; We use in-
tegration by parts with respect to ¢, when k1 > 5, kg, k3 < 10, integration
by parts with respect to z1, when |Sei| > 27! and ko > 5, k3 < 10, and in-
tegration by parts using the directional derivative <%, 0y'), either when

k3 > 5 or when kg > 5, k3 < 10, |Seq| < 27 (see below). Assuming
Lemma [6.2] we can now give the

Proof of Proposition[5.9. We verify (6.1). In view of it suffices to prove
for each s

(6.28) ST T S A
5l

with implicit constant independent of s. From the definition of Uy, x, x4 it
is is easy to see that

(029 D UL ) S 2500,
From Lemma [6.1] we have
Al , A\l _ _
(T T S M T S 2He2rea—

and thus by (6.29) for x; < 10,7 = 1,2,3 we have

Al — _
(6.30) sup Z Z H(T;\,l)*Tsl7 H1/2 < ol(d—2+¢)/2y—d/2
¢ K1k2,k3<10 6" €UT o o

Moreover using that §,” 1 < 2! we obtain from Lemma and ((6.29))

sup Z Z H(Ts)\,l)*T;/\,lHl/Q

max{r1,K2,53}>58"€UZ, 1o a

< Ql%)\—%Ql(%—%) Z 2—(H1+52+/€3)(%—d)'

(Hl,ng,fig)GNg

For N > 2d we can sum in k1, ko, k3, and in addition we also choose N >
d—2+4e

1 4 d/e we get the bound O(2'" =2\ %) for the last display and (6.28)
follows. O

6.3. Proof of Lemma . We verify first (6.24)), then (6.25) in the case
|Se1| > 27! and then give a unified treatment of (6.26)) and the case |Se;| <
271 in (6.25).

Proof of (6.24). We are now in the case k3 > 5, and k1, k2 < 10 in (6.23)).
We examine the Schwartz kernel X, o of (T;\’Z)*T;,"l given in (6.27)); in the

case under consideration we have |y; — z1| & 2AT12E/d | (y — 2z ep)| <
o7 IATI2IE/ A (y — 2, )| S AR =3 4.
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We now integrate by parts with respect to t; for this observe that
(6.31)
8t¢(x7 tv Y, Z) = &ﬂﬁ(% ta y) - 8##(557 tv Z) = _(yl - Zl)

.
+ [ 3w = ) = ol D - 0 () - ),
0
Since |2/ — y/| < 0 < 1 we have |g(z,t,w”)|] < 1, and from, (6.31)) and
lo| < 27! we see that
(6.32) 102, t,y, 2)| ~ |y1 — 21| = 2P A1kl

Observe that the higher t-derivatives of g are < o <« 1. Moreover o does
not depend on ¢t and we see that

aN z, ta ) % <N 1— 21|+ 27[ = ZI < 2,{12l€/d)\71,
|0 y,2)| SN ly y N
|al£v[nl($at7yvz)]| S/N 1.

Hence integration by parts with respect to t yields the pointwise bound
Ko (y, 2)| < (2712!5/4)=N which gives

)\fd2l(d72+€) é‘l— 1
sp [ 0 (1. 2+ sup [ 1K (9l S o

As 51_1 < 2! we obtain (6.24)), by Schur’s test.

Proof of (6.25)) in the case |Se1| > 27'. This now concerns the case kg > 5.
We will integrate by parts with respect to 7 in (6.27)) and observe

8331(25('%'7 ,y, Z) = 8@211/}(3;7 t, Z/) - 8$1¢(x7 t, Z)
=y1— 21+ elSPT(yY —2') =y — 21 — |Sea|{y — 2/, e2).
In the present case |Se;| = §; and (s,8") € Uy 4oy x5 With K2 > 5 and thus
foryes, z e
|<y -z, 22>| > 252—1+51A—15f1215/d’ ‘yl o Zl‘ < 2H1+1)\—12l€/d;
hence
(6.33) 00,0, £y, 2)| & |Ser ||y — 2/, e2)| m 27 H2 N1/,

Note that ¢ does not depend on z; and 8% =0 for N > 2. After N-fold
integration by parts with respect to x1 we get |Ks o (y, 2)| < (281 Fr22le/d)=N,
As above, the asserted estimate (6.25]) follows by Schur’s test. O

Proof of in the case |Sey| < 27! and Proof of (6.26). Notice that in
view of the small support of x we have in the present case UC;\”ﬁl/ = 0 when
2I\=1 > 1, so the case | = k is trivial. In what follows we assume | < k — 1;
it will be crucial that in this case o(2/,y1), o(2/, 21) have the same sign for
ye€sand 2z €5.
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If |Se;| < 27! we have 6 = 27 and for the proof of we have also
k3 < 10 and we shall prove the pointwise estimate
(6.34) | Ko (y, 2)| S (27772214~
under the assumption that y € s, 2z € ¢’ satisfy
gritra—1 \~lgl < 2—la/d‘<y2 — 2o, )] < 2mHR2H2 )19l

6.35
O gty | gttty gl g0y <2t

here (y - Z)J_ = (y3 — 355 Yd — Zd)'
Moreover for (6.26)) we shall prove
(6.36) (Ko (y, 2)| S (2 He2tragle/d) =N
under the assumption that k3 > 5 and that y € 5, 2z € ¢’ satisfy
2N1+I§Q+I{3—1)\—12l < 2—15/d‘(y o Z)J_‘ < 2I€1+I€2+H3+2)\—12l

(6.37)
2—l€/d|<y -z, 22>| < 251-&-52-&-25;1)\—1.

We use the directional derivative (%, 0,) in our integration by parts

argument. From (6.3) we get (with w™ as in (6.16))

1
(6.38) 31:"25(557757?/,2):/0 O O p(x, t, W) (y — 2)dT

a(x’,w{) " !

1
= [ [- o= - )+ Ty - )
0

+ PSPT(y — ') + PSei (¢ (Z=2")T(y/ — 2)| dr.

Take the scalar product with ﬁ and use that (y' —2/)TPSPT(y' —2') =0
to get

Lo ef) (=) O~ 2)

(= ootz = [

(6.39) 0 t ly' — 2|
+ Ri(x,t,y,2) + Ro(x,t,y, 2)
where
Rulot2) = ()" | (oD (g - g ) artyf — )
and
Ry(z,t,y,2) =

!

1
/0 [ (20 6 () 1 — 21) + (=27, PSe) (6 (25)T (' — )] dr

/

1
= —(y — 21— [Seil(y' — 2, e2)) /O (' (=) (=2 ) dr.
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By the single-signedness of o we have | fol t~to(z',wl)dr| = 27%; here we
use (6.19). Hence, because of the positive definiteness of g”(0) we see that
the main term in (6.39)) satisfies the lower bound

| [ ety & =20 =)

ly — 2|

7l|yl —Z/‘

and we use
27Uy — | m 27 (y — 2, e0)| & 2/42%1F K2 if (6.35)) holds,
27y — 2| ~ 27! (y — 2)t| & 20/ domatR2tRsif (6.37) holds.

Since [lg" (£=2") — ¢"(0)]] = O(0) we get

o1tk \—lole/d if (635) hold
\Ru(z,t,y,2)| < 027 Yy — 2| < {2 o olds
Q2n1+li2+lﬁ3)\ ole/ if " holds.

Finally
’R2($7t7y’ Z)| 5 Q’yl - z1| + |S€1H<y/ - 2,722>‘

1218/d

and we have |y; — z1| S 27\~ and thus clearly

|Ro(x,t,y,2)| < olyr — 21| + 2fl|y' -2 < 92“1+“2)\*12k/d if holds.
Moreover we get this when holds and |Se;| < 27%. If holds and
|Se1| > 27! then [Seq||(y — 2/, e0)| < 20HR2F2)=125/d and thus we also get
|Ry(,t,y, 2)| < 21 tre\~1ole/d if holds.
Altogether, for y €5, 2 € ¢,

(6.40) (=5 0)e(a, ty, 2)] 2 2 HATI2E/Y i (635) holds,

and

(6.41) (2. 00)b(a, t,y,2)| 2 2R 12/ if (G37) holds.

We need corresponding upper bounds for the higher derivatives <%, Oy')-
First observe that

(6.42) (=2, 0urdo(@',y1) = (=2, PSex).

Clearly this is O(27") when & = 27, in particular under assumption (6.35]).
On the other hand, if 6; > 2~/ then we use that PSe; = |Se1|ez and if we now
assume (6.37) we have |(y/ — 2/, PSe1)| < §)|{y — z, e0)| < 2F1tr2t2)\~1gle/d
and |y/ . /| > |( . Z)l| > 2K1+m2+m3—1)\—12l2l5/d; hence <\y’ z’\’P561> —
O(27") and therefore <|§j:7zj|, OpYo (' y1) = O(271). Moreover, for the higher

derivatives we have <‘ v Zj‘,a ANg =0 for N > 2. This implies, for all N,

Y’

Rﬁ’aﬂ»")N[m(% t,vy, z)H <y L
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/

Differentiating in (6.39)) and using these estimates for o and <|Z/;Z

/72/|7

aac’ > g,
also yields

‘< 5= 81”>N¢(xvt7y’ Z)| 5 2_l|y, - Z,| + |y1 - Zl| + |S€1|<y/ - Z/a €2>|

ly =21’
_ 2,£1+,§2 )\—12l€/d if " holds
~ 2H1+H2+H3 )\_12l€/d if " holds

An integration by parts yields

) N
(648) Kol 2) = Lalp)o() [ oot EMELLD gy

where ) )
y —z g
Cg(ﬂfvt,?/,z):< / 7 7a$’>< T )7
_ y' —z
ly — 2| B0
and we have

or1+k29le/d —N\N it (635) hold
b1, 2] 5 4 G olds
(2K1+I€2+H32 e/ ) A if ‘) holds.

By (6.43)) this leads to the pointwise estimates (6.34]) (under assumption
(6.35)) and (6.36]) (under assumption (6.37))). By applying Schur’s test we
obtain the claimed bounds in both cases. O

7. OPEN PROBLEMS AND FURTHER DIRECTIONS

7.1. d = 2. The problem of nontrivial L? bounds for the Nevo-Thangavelu
maximal operator when d = 2 remains open even in the model case of the
Heisenberg group H'.

7.2. A restricted weak type endpoint bound. Theorem establishes a re-
stricted weak type ( d%‘ll, d%‘il) endpoint estimate for the local maximal op-
erator, when d > 3. Does this endpoint bound also hold for the global
operator? This is the case when all J; are zero (cf. [3]).

7.3. LP-improving estimates. One can ask whether the local operator f —
SUDPj <4< |f * p¢| maps LP to L? for some ¢ > p; this would imply corre-
sponding problem sparse bounds for the global maximal operator (see [2]).
As a model case for the case m = 1 the precise g-range for such results
should depend on the rank of J; (and no LP improving takes place when
J1 = 0). For m > 2 the dependence on the matrices Ji,...,J,, could be
quite complicated. The case of Heisenberg type groups is covered in [I7].

7.4. Restricted dilation sets. One can also consider maximal functions with
restricted dilation sets. The LP — LP estimates with Minkowski dimension
type assumptions are rather straightforward; one can combine the methods
of this paper with elementary arguments in [19, [I8]. In contrast the LP-
improving estimates are harder; for the Heisenberg groups H", with n > 2,
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this problem was considered in [I8]. For general dilation sets there is a large
variety of possible type sets (¢f. [16, Thm.1.2]), and much remains open.

7.5. Higher step groups. It would be interesting to develop versions of our
theorem which apply in the general setting of stratified groups; here only
the case of lacunary dilations is well understood (see e.g. [§]).

7.6. Awverages over tilted measures. The above problems can also be formu-
lated for the case where the spherical measure p is no longer supported in a
subspace invariant under the automorphic dilations. The special case simpli-
fies the analysis in the present paper but it has been relaxed in [I} [I7] which
cover results on maximal functions associated with such tilted measures on
Heisenberg or Heisenberg type groups.
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