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ABSTRACT. Let H™ be the Hilbert transform along the parabola (t, ut?)
where u € R. For a set U of positive numbers consider the maximal func-
tion HYf = sup{|H")f| : w € U}. We obtain an (essentially) optimal
result for the L? operator norm of HY when 2 < p < oco. The results
are proved for families of Hilbert transforms along more general nonflat
homogeneous curves.

1. INTRODUCTION AND STATEMENT OF RESULTS

Given b > 1, u > 0, consider the curve
Lup(t) = (tuw(t), teR,
where 73 is homogeneous of degree b, with ~;,(£1) # 0.
That is, there are ¢y # 0, c— # 0 such that

c tb t>0
1.1 t)y=< 1t~ ’
(1) () {c(—t)b, t<0.

For f € S(R?) the Hilbert transform along I, p is defined by

dt

HOf(2) = pov. /R Flar — 1 —up(1)

For an arbitrary nonempty U C R consider the maximal function

(1.2) H1Yf () = sup [HWf ().
uelU

The individual operators H®) extend to bounded operators on LP(R?)

for 1 < p < oo (see [27], [10]). The purpose of this paper is to prove, for

p > 2, optimal LP bounds for the maximal operator HV in terms of suitable
properties of U.

Our maximal function is motivated by a similar one involving directional
Hilbert transforms which correspond to the limiting case b = 1, ¢y = —c_
not covered here. This maximal function for Hilbert transforms along lines
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was considered by Karagulyan [I8] who proved that in this case the L? —
L?** operator norm is bounded below by cy/log(#U); the lower bound was
extended to all LP by Laba, Marinelli and Pramanik [19]. Demeter and Di
Plinio [7] showed the upper bound O(log(#U)) for p > 2 (see also [0] for
the sharp L? result with bound O(log(#U))). Moreover there is a sharp
bound =~ /log(#U) for lacunary sets of directions (see also Di Plinio and
Parissis [9]) and there are other improvements for direction sets of Vargas
type. Another motivation for our work comes from the recent papers [16], [§]
which take up the curved cases and analyze the linear operator f — H®()) f
for special classes of measurable functions = +— u(z). [16] covers the case
when u(z) depends only on x; and [8] covers the case where u is Lipschitz.
The analogous questions for variable lines are still not completely resolved
(¢f. [, [2] for partial LP ranges in the one-variable case, and [I5] and the
references therein for partial results related to the Lipschitz case).

For our curved variant we seek to get sharp results about the dependence
of the operator norm

1 N oo = sup{||H fp - |1 £llp < 1}

on U. Unlike in the case for lines we obtain for b > 1 an optimal bound
when p > 2 and also observe a different type of dependence on U; namely
it is not the cardinality of U that determines the size of the operator norm
for the maximal operator but rather the minimal number of intervals of the
form (R,2R) that is needed to cover U. This number is comparable to

(1.3) NU) :=1+#{necZ: 272" NU £ p}.

Theorem 1.1. For every p € (2,00), the operator HV is bounded on LP if
and only if M(U) < oo. Moreover,

IHY || Lo— e ~ \/1og(M(U)).

The constants implicit in this equivalence depend only on p, b and |c4/c—|.

Remarks. (i) The lower bound cy/log(M(U)) can be extended to all p > 1.
Indeed, if we had a smaller operator norm for some pg < 2 we could, by
interpolation, also deduce a better upper bound for p > 2 which is not
possible. The lower bound for p < 2 is generally not efficient, see however
some results for lacunary sets in §7}

(ii) Concerning upper bounds there is no endpoint result for general U
with M(U) < oo when p = 2. In fact one can show using the Besicovitch set
that for U = [1,2] the operator HY even fails to be of restricted weak type
(2,2). Cf. [24], §8.3] for the details of a similar argument in the context of
maximal functions for circular means.

(iii) In our theorem we avoid the cases ¢y = 0, for the following reasons.
For the case ¢y = 0 = c_ in (|1.1)) the operators H (4) are equal to the Hilbert
transform along a fixed line and the problems on HY become trivial. For
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the choices c¢; # 0, c. = 0 and ¢y = 0, c_ # 0 the curves are unbalanced
and by [0, §6] the individual operators H* are not bounded on LP.

(iv) The operators HY are invariant under conjugation with dilation op-

erators with respect to the second variable; i.e. if 51(,2)f(a;) = f(x1,vx2) then

we have HU = 51()2,)1 HU&()z) and thus the LP operator norm of #Y and H"Y
are the same. This shows that any dependence of c;,c_ in the operator
norms can always be reduced to a dependence on just |c;/c_| as one can
assume that ¢y = 1. The implicit constants in the above theorems depend
on c4,b,p but are uniform as long as |c; /c_| is taken in a compact subset
of (0,00), and b and p are taken in compact subsets of (1, 00). Thus implicit
constants in all inequalities in this paper will be allowed to depend on c, b,
with the above understanding of boundedness on compact sets.

This paper. In §2| we describe the basic decomposition of the Hilbert
transform H® into a standard nonisotropic singular integral operator S*
and two operators T which can be viewed as singular Fourier integral opera-
tors with favorable frequency localizations. The growth condition in terms of

log N(U) is only relevant for the maximal function sup,,¢;; |S* f| for which
we prove LP bounds for all 1 < p < oo. Here we use the Chang-Wilson-Wolff
inequality, together with a variant of an approximation argument in [16]. It
turns out that the full maximal operators associated to the T are bounded
in LP(R?) for 2 < p < oo. This is related to space-time LP inequalities (so-
called local smoothing estimates) for Fourier integral operators in [21]. This
connection has already been used by Marletta and Ricci in their work [20]

on families of maximal functions along homogeneous curves. The results for
S T4 are formulated in §2] as Theorems [2.2] and

contains several auxiliary results. A version of our maximal function
for Mikhlin multipliers (dilated in the second variable) is given in this is
used to prove Theorem [2.2]in §5] Theorem [2.3]is proved in §6] In §7we prove
some results about upper bounds for the maximal functions sup,¢; |15 f|
when U is a lacunary set; one of these results will be helpful in the proof of
lower bounds for the operator norm.

The proof of lower bounds is given in §8 The arguments for the lower
bounds in L? are based on ideas of Karagulyan [I8]. Appendix [A| contains
a Cotlar type inequality which is used in the proof of Theorem 2.2}
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2. DECOMPOSITION OF THE HILBERT TRANSFORMS

Let x+ be supported in (1/2,2) such that >, X+(27t) = 1 for t > 0.
Let x_(t) = x4+(—t) and x = x, + x_. We define measures o, and o_ by

dt
(2.1) (o, f /f (8 70(6))xe. (8)
Let, for j € Z, the measure o; be defined by

dt
(o, f /ft'yb 2]t)t.

By homogeneity of v, we see that (in the sense of distributions) o; =
2j(1+b)00((512’j-) with 6?2 = (tz1,t%r3). Observe that op = o, +0_ satisfies the
cancellation condition Go(0) = 0 (where 5(¢) = Flo](¢) = [e " @8do(z)
denotes the Fourier transform). For Schwartz functions f the Hilbert trans-
form along I'y is then given by

Hf=> oj*f.
JEZ

2.1. Asymptotics for the Fourier transform of og. We analyze o1 (&) for

large £. We have
— —q dt
0y (&) = /e wi(t’g)Xﬁ: (t) ‘

with
b, (,€) = t&1 + ¢ 1",
Y (,€) = t& +c_(—)’.
Observe that
O, (1) =& + ¢, bt &,
D (t,€) = &1 — c_b(—t)" "6,

Thus ¢, has a critical point ¢4 (§) > 0 when & /(c, §2) < 0, and ¢_ has a
critical point t_(§) < 0 when & /(c_&2) > 0, and ¢4 (§) are given by

t+(f):<b;§2)“, t_(g)z—(bfl&)“.

These critical points are nondegenerate as we have

8tt¢i (t, f) = Cib(b - 1)(:|:t)b72£2.

(2.2)




FAMILIES OF HILBERT TRANSFORMS ALONG HOMOGENEOUS CURVES 5

Setting W (€) = iy (14(). &) we get

¥, (©) = - De&o( - o)
+

v ©=0-Des(f)"

The functions W1 are homogeneous of degree one and putting & = +1 we
have the crucial lower bounds for the second derivatives of & — W(&y,+1)
needed for the application of the space time estimate in

Assume [{| > 1. We observe that then
(2.3a) inf ’&ﬂ/&r (t»f)’ Z 1€l

1/3<t<3
if & /c1 & does not belong to the interval [—b(7/2)°~1, —b(2/7)071].

Likewise, again for |{| > 1 we observe that

(2.3b) inf |9 (t,€)| 2 [¢]

—3<t<—1/3

if £1/c_&; does not belong to the interval [6(2/7)°~1, b(7/2)*~1]. These ob-
servations suggest the following decomposition of oy.

Let 1o be supported in {|¢| < 100} and equal to 1 for |{| < 50. Let
¢+ be a C°(R) function supported on (b(1/4)~1, b4°~1) which is equal
to 1 on [b(2/7)°71,b(7/2)71]. Let ¢_ be a C°(R) function supported on
(—b4b=1 —b(1/4)*~1) which is equal to 1 on [~b(7/2)"1, —b(2/7)*"]. Then
we decompose

(2.4a) 00 = ¢o + po,+ + Ho,—

where ¢q is given by

(2.4b)

and g, , are given by

(2.4c) o+ (€) = (1= m0(€)s- (55 )7+ (6),
(2.4d) fio—(€) = (1 = m0())s+(:85)7-(6)-

Lemma 2.1. (i) ¢o is a Schwartz function with qgo(()) =0.
(ii) The function Lo+ is supported on

61 b}

<_7

s b—1
(2.5a) Sect, = {£:[¢] > 50, —b4" < c4+&2 4b-1

and satisfies
Ao+ (€) = wi () + B (¢)
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where w4 is a standard symbol of order —1/2, and E1(§) is a Schwartz
Junction, both supported on Sect, .

(ii) The function [ig — is supported on

ge. b & b—1
(2.5b) Sect_ = {&: |¢] > 50, T < o5 < b4t}

and satisfies
fio—(€) = w- (&)™~ © + E_(¢)

where w_ is a standard symbol of order —1/2, and E_(§) is a Schwartz
function, both supported on Sect .

Proof. In view of the lower bounds for 0,11 stated in ([2.3a)), (2.3b)) under
their respective assumptions we see that ¢g is a Schwartz function. We have

that 74 (0) = —5_(0) and it follows that o (0) = 0. The formulas for fig +(§)
follow by the method of stationary phase. ([l

We now define & by </I\>0 = g/go—i-E " + E_ so that ®¢ is a Schwartz function
with @0(0) = 0. Define ®; , x;+ by
B;(8) = Bo(27761,279%,)
and
FE(6) = wa (2796, 27706,) V= (2 76027700)

Define operators S* and T% by

(2.6) SUF() =Y ®j(&r,uéa) F€)
JEZ

(2.7) TEFE) =Y Rjz(E,uéa) f(6)
JEZ

These expressions are at least well defined if f is a Schwartz function
whose Fourier transform is compactly supported in R? \ {0}. For these
functions we have then decomposed our Hilbert transform as

(2.8) HWf = SUf 4 TUf + T f.

For the upper bound in Theorem [1.1] we shall prove

Theorem 2.2. For 1 < p < o0,
(2.9) I 225!S“f!}|p S V1og(NWU))||flp-
Theorem 2.3. For 2 < p < oo,
(2.10) [ sup | T2f1|, < I1£1lp-
u>0
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3. AUXILIARY RESULTS

3.1. The Chang-Wilson-Wolff inequality. We consider the conditional ex-
pectation operators [E; generated by dyadic cubes of length 277, i.e. inter-
vals of the form H?Zl[nﬂ_j, (n; + 1)277) with n € Z9. Let f € LL _(R9).
For each j € NU {0}, E; is given by

1
i) = 5 [ Sy

where I;(x) is the unique dyadic cube of side length 277 that contains .
Let

Dj = Ejp1 —E;
be the martingale difference operator. Let & f be the dyadic square function,

defined by
1/2
&/(@) = (3 IDif@P) "
JEZ
Also let M be the dyadic maximal function, given by

Mf(z) = sup |E; f(x)].
JEZ

The following is a slight variant of an inequality due to Chang, Wilson and
Wolff [4]:

Proposition 3.1. Suppose that f € LP(R?) N L>®(RY) for some p < oo.
Then there exist two universal constants c; and cy such that

meas({:v e R [f(z)] > 4\ and &f(z) < 5)\})
(3.1)
< o exp(—cle_g)meas<{x e R: Mf(z) > /\}>

for all A >0 and 0 <e < 1/2.

This is a scaling invariant version of the Chang-Wilson-Wolff inequality.
For a detailed proof see Appendix B.

We shall apply the one-dimensional version of this theorem for the vertical
slices in R, Let f be a measurable function in LP(R?) N L>°(R?), and for
7 >0, let E§-2) be the conditional expectation operator acting on the second
variable, i.e.

1
EYf@) = 55 /,m) Few oy

J

where I;(x2) is the unique dyadic interval of length 277 that contains 5.

(2 _r® 2
Let D7 =K, —E, and

s = (L))"

JEZ
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Then from the above proposition, we clearly have

meas({x e R%: |f(z)] > 4X and 6P¥f(z) < 5)\})
(3.2 ]
< cge” 2meas<{x e R?: MPf(z) > A})

forall A >0and 0 < e < %, where M) is the dyadic maximal function in
the second variable, i.e. M®f(z) = Supjey, ]E§2)f(:):)]

3.2. Martingale difference operators and Littlewood-Paley projections. We
need some computations from [I4] which are summarized in the following
lemma. Let M denote the Hardy-Littlewood maximal operator acting on
functions in LP(R). Let ¢ be supported in (c71,¢) U (—c, —c!) for some
c>1.

Lemma 3.2. Assume that f € L' + L®°(R). Then
(i) Forq>1,n>0,
1/q

o~

Ep(F 027 fI)(@) S 2707 (M (| 1))

(ii) Forn >0

-~

Dp(F o2 ) f) () S 27" M f(x)

almost everywhere.
Proof of Lemma([3.9 Cf. Sublemma 4.2 in [14]. O

Given a function on R? we shall apply this lemma to y2 — f(y1,%2) and
relate the square function 6 to Littlewood-Paley square functions in the
second variable.

Let x, be an even C* function supported in (27?,2%) U (—2°, —27%) such
that >,z x5(27%¢) = 1 for all t # 0. Define the Littlewood-Paley projec-

tion type operators P(l), PIEQI)) acting on Schwartz functions on R? by

(3.3) PUF(E) = a2 F(0)
(3.4) P () = o2 H&) ()

Lemma 3.3. Let ¢ > 1, b >0, and let g € L' + L™. Then the pointwise
inequality

1/2
&g < Oy (3 [MA (RS g1)1)
keZ

holds almost everywhere. Here M) denotes the Hardy-Littlewood mazimal
operator in the second variable.
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Proof of Lemma[3.3. Let ¢ be a C*° function with
supp(¢p) € (27%,2°) U (=27, —279)

o~

which equals 1 on the support of x;. Define be)f(ﬁ) = ¢y (27F0E) F(€). We

write
() _ (2) p(2) p(2)
D=3 > DPRYR,
nez leZ
n<k—lb<n+1
and use Minkowski’s inequality and Lemma to estimate, with e < 1—1/gq,

[e.e]

SEIE SR O S I SISV VT
l

neL k=0

1/2

E€Z:
n<k—Ilb<n+1
1/2
< (X @RS gHPe) O
leZ

This finishes the proof of Lemma (3.3

3.3. A wvariant of Cotlar’s inequality. Recall that x; € C2°(R) be supported
in (1/2,2) such that 3372 x4(27t) =1 for ¢ > 0 and let n = x4 (| - ).
Consider a Mikhlin-Hérmander multiplier m on R? satisfying the assump-

tion

(3.5) sup [[nm(t-)| ¢y, = B(m) < oo, a>d;
t>0

here £! is the potential space of functions g with (I — A)%g € L'. Let
Sf = Ftmf], and for n € Z let S,, be defined by

Saf(&) = n(277&)m(€) F ().

ji<n

Then both S and the S,, are of weak type (1,1) and bounded on L? for
p € (1,00) with uniform operator norms <, B(m). We are interested in
bounds for the maximal function

(3.6) Sef (@) = sup |Sn.f ()]

Proposition 3.4. Let a > d, r > 0 and B(m) as in (3.5). For f € LP(R?),
we have, for almost every x, and for 0 < 6 < 1/2

37 S.fx) < (M(ISF") (@)™ + Cand ™ B(m) M f(x).

(1—6)4/r

Proposition is a variant of the standard Cotlar inequality regarding
truncations of singular integrals. A proof is included in Appendix [A]
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3.4. An LP space time estimate for Fourier integral operators of convolution
type and vector valued extensions. Let S(ag,a1) be the sectorial region in
R2

S(ag, a1) = {(§1,&2) a0 < |&1]/[€2] < a1, & > 0}
and let ngect be C* and compactly supported in Sap, 1= S(ag,a1)N{{: 1<
|€] < 2}. Let ¢ € C* be defined in S(ag,a;) and homogeneous of degree
one, satisfying

qee 7 0 on S(ag,ar)

i.e. the Hessian gge has rank one on the sector S(ag,a1). Model cases for
q(€) are given by [€], or €2 /& in the sector {|¢1| < c|€2|}. Define

Frf(a,t) = / @Oy (¢/R)F(€)de.

We need a so-called local smoothing estimate from [2I] (the terminology
is supposed to indicate that the integration over a compact time interval

1 1
improves on the fixed time estimate [|[Frf(-,t)[|, S R2 7 ||f|lp, 2 < p < 00).

Theorem. [21] If I is a compact interval then

1/p 1_1_
(3:8) (] ] 1Fespae ) < ciri===0 g,

with e(p) > 0 if 2 < p < co. The estimates are uniform as Ngecy TANGES OVET
a bounded subset of C*° functions supported in Sann .-

In this paper we shall need a square-function extension of which
involves nonisotropic dilations of the associated multipliers of the form
€ (279¢,27%&) with b > 1, j € Z (the strict inequality b > 1 as-
sumed in the introduction is not used here); see below. We rely on a
variant of a theorem in [23], for families of smooth multipliers £ — m(&,t)
on R? depending continuously on the parameter ¢ € I, where I is a compact
interval. Let P be a real matrix whose eigenvalues have positive real parts
and consider the dilations d, = exp(slog P).

Proposition 3.5. Let 2 < p < oo and I C R be a compact interval. Recall
that n is a radial non-trivial C*° function with support in {& : 1/2 < |£] < 2}.
Suppose

supsup [m(, 1) < A,
tel ¢

and assume that for all f € S(R?),
1 ~ 1/p
sup (— [ |F ipm (8-, ¢) f]||Pdt <A .
sop (17 [ 17 (o 07l " < a1,

Moreover, suppose that for all multiindices o with |aq| + |ag| < d +1,

|8§‘[n(§)m(655,tm <B, tel,s>0.
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Then there is a constant Cp, > 0 such that
1 _ = 1/p _
(3.9) Q“AWFWmmwﬂMﬁ) < CpAlog(2+ B/A) 2P| £,

The proof is exactly the same as the proof for standard multipliers in [23].
We shall use the following consequence for a square function inequality to

derive .

Corollary 3.6. Let 2 < p < 0o and I C R be a compact interval. Suppose

that there is a compact subset K C R2\ {0} such that mo(£,t) = 0 if £ € KC

ort € IC. Suppose that for all multiindices o with laa| + || < 10,
|a?m0(£at)|§B7 tGI,

and that

sup sup |mg(&,t)| < A.
tel ¢

Moreover, suppose that for all f € S(R?) the inequality

(1 L7 ot o7za)) ™" < A1,

holds. Define T f(x,t) by Q/}?(ﬁ,t) = mo(dz_jé,t)f(é). Then there is a
constant C(K,p) such that for all {f;} € LP(¢%) we also have

(3.10) (|}|/IH(%\ijj(-at)!2>1/2HZdt>l/p
VIS
< C(K,p)Alog(2 + B/4)/*17|| (3 ’fj|2>1/2“p'
J

Proof of Corollary[3.6 This is a straightforward consequence of Proposi-
tion (alternatively one can adapt the proof of Proposition [3.5/to a vector-

valued setting). Let ¢ € C°(R?\ {0}) such that ¢(&) = 1 for £ € K. Let
J be a subset of integers with the property that the supports of 5(527]‘-),
j € J are disjoint. We may write Z as union over Cx such families. It
is sufficient to show the analogue of with the j-summation extended
over J. It will be convenient to work with an enumeration {ji,jo,...} of
J.

Let L; be defined by L; f = ¢(65-5€) f(£). Let g = 3=, Ly, fi,; then by the
adjoint version of the Littlewood-Paley inequality we have

(3.11) |musw§jmffﬂb

Notice that
(3.12) Tig =T;f,
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by the disjointness condition on the supports of ¢(d,—j;-). Let {r;}3°; denote
the sequence of Rademacher functions. Applying Proposition to the
multipliers

me(§) = Zm(a)mo(%—ufat)
i=1
and the function g = >"°, -7:[5(52—33 )J?Jl] we get

(3.13)
b1 -1 ~|P 1/p 1/2—1/p
(] 7 17 ot 0@aeda) ™" < Aoz + /427,

By interchanging the a-integral and the (z, t)-integral and applying Khint-
chine’s inequality we obtain

(G\ S 9 0P) | de) " < Atog(z + 314 g,
JEL

and the proof is completed by applying (3.11]) and (3.12]). (|

3.5. A wersion of the Marcinkiewicz multiplier theorem. In the proof of
Proposition [7.I] we shall use a well known version of the Marcinkiewicz mul-
tiplier theorem with minimal assumptions on the number of derivatives. Let
Npr be a nontrivial C2° function which is even in all variables and supported
in {¢:1/2 < |&| < 2,8 =1,2}. Let L2, the Sobolev space with mixed
dominating smoothness consisting of ¢ € L? such that

N 1/2
lolles., = ([ @+ laP) 1+ lePria©Pa)
is finite. Let aw > 1/2 and m be a bounded function such that

(3.14) sup |lpr ity to-)ll ez, < B
t1>0,t2>0 ’

Then we have, for 1 < p < o0,
(3.15) IF = mfllp < Bl flp-

One can prove this using a straightforward product-type modification of
Stein’s proof of the Mikhlin-Hérmander multiplier theorem in [25], §3]. One
can also deduce it from R. Fefferman’s theorem [12], cf. [13], [3].

4. SOME MAXIMAL FUNCTION ESTIMATES FOR FAMILIES
OF MIKHLIN TYPE MULTIPLIERS ON R2

In this section we consider Mikhlin-Hormander multipliers with respect
to the dilation group 67, b > 0, with §2(&) = (t&1, t°¢3).
Theorem 4.1. Suppose that
b
(4.1) sup 37 [0 (n()a(6!) |1 ey < 1

>0 1a)<a
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Define, for n € Z the operator T, by

(42) Tuf(€) = a(&1,2"&) ().
Let N be a subset of Z with #N = N. Then for 1 < p < oo,

(4.3) sup [T/l < Cyv/og(T+ M) -
ne

By the Marcinkiewicz interpolation theorem it suffices to show that there
is A = A(p) such that the inequality

(4.4) meas({z : su}\)/]Tnf\ > 4A}) < (AVlog(1+ N)ATHfl)"
ne.
holds for all Schwartz functions f whose Fourier transform is compactly
supported in R?\ {0}, all A > 0 and all N with #N < N.
One can decompose
(4.5) a6, &) =Y a;(2761,277¢)
JEZ

where each a; is supported in {(&1,&) : 1/2 < |&1] + |&|Y/? < 2} and
SuP/ |0¢a;(§)] d¢ < Ca, o] < 4.
j

We shall repeatedly use that the operators T}, are bounded on LP(R?) with
norm independent of n. This follows by the Mikhlin-Hérmander multiplier
theorem and rescaling in the second variable.

Let Tarf := sup,en |Tnf] and set
(4.6) en = (log(C1N)) /2
where Cq > cl_]L with ¢; as in (3.2)), also ey < 1/2. Since f is a Schwartz

~

function, with f compactly supported in R? \ {0} the function T f is in
L> N L? which allows us to apply the Chang-Wilson-Wolff inequality.

We have that
meas({z € R? : Ty f(z) > 4)})
< Z meas({z € R? : [T, f(z)| > 4], ST, f(z) < ENA})
neN
+ meas({z € R?: su}\)/\G(z)[Tnf](x)] >enA}).
ne,

(4.7)

By the Chang-Wilson-Wolff inequality (3.2]), the first term on the right
hand side of (4.7)) is bounded by

coNe e1en’ m%\)f(meas({x e R?: MAT,f] > A1)

ne

— -2, _ -
b S Ne v AP FlIb < AP fIIR

—c1el? - 2
< exNe N max A PIMP(T, £k
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where we used that Ne=c€n" <1 (by (4.6)) and that the operators T,, are
uniformly bounded.

By Chebyshev’s inequality the second term on the right hand side of (4.7))
is bounded by

e?AP|| sup 6@, f]H
neN
p
§€_p)\*pH sup TP 2/ H )
CE B AOME Rl )

Here we have used Lemma with g = T}, f and the fact that the oper-
ators T}, and be) commute; ¢ will be chosen so that 1 < ¢ < p.

We shall now use an idea in [16] and approximate the operators 7T;, by a
convolution operator acting in the first variable. Define TW by

51,52 > aj(277¢1,0) F(&1,6).
JEZ
Recall the definition of x; in Lemma Notice also that
a;(27761, 200 ) X (27H6) = 0
if j <n+ k —1 and therefore we have

TP f= > Flay@ 7,20« pE)f

j>n+k—1

(4.8a) = Y Fllae 7 0)«P0f
j>n+k—1

(4.8D) + > Fl a2 2000 a2, 0)] + P F.
j>ntk—1

For the first term (4.8a)) we use the one-dimensional version of Proposition
[3-4 to get
(4.9)
> Fla 00« B s MO £+ MOTO RS p).
jo>n+k—1
Here M) denotes the Hardy-Littlewood maximal operator acting on the
first variable.

Now consider the second term (4.8bf). Let 45 be an appropriately chosen
non-negative bump function supported in (1/4,3)U(—3, —1/4) and let K} 1. ,
be the convolution kernel with multiplier

K pn(€) = $(277¢5) (a;(277¢1, 207 00,y) — a;(277¢4,0)).
Then

1
Ko (2761, 2806) = 20000003 6)¢, / Dnay (€1, 20D ey) d
0
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and we have H@a(/JE(W 2kb-))H1 < 2(k+n=3)b for multiindices |o| < 3.
This implies
2j+kb

(14 27|z + 2%]a2])?

| ()] S 2070

and hence

ST Kk * PO F@)] £ Man( PO )(2)

j>n+k—1
where My, is the strong maximal operator which is controlled by M @opm @),

Combining the estimates we thus see that the second term on the right
hand side of (4.7)) is bounded by

a]‘VpA’”(H(l%[M@)(IM MO P )JQ/‘I)WH
S peeenoror )
keZ

We use this with 1 < ¢ < p and apply Fefferman-Stein estimates for the
vector-valued versions of M) and M® and the Marcinkiewicz-Zygmund
theorem on LP(¢?) boundedness applied to the operator T . Consequently
the last expression can be bounded by

CLe! AP f1I5 < Co(log(1+ N)PPAP| f|I7,
by the definition of x. This finishes the proof of (4.4) and thus the proof
of Theorem (.11 O

5. PROOF OF THEOREM [2.2]
We decompose ®g = >, Po; where Zﬁo,l(f) = x4+ (27¢))Po(€) . Define
ao(€) = 0. (2'),

9%,
Go1.(6) = 562750 " (2161,2/5"62).

Then the functions ag; and ag, s, for every s € (1/2,2), are supported in
{€:107% < |¢| < 10°} and satisfy the estimates

[10ea0i(©)las + [ |ogzosa(©)]ag < 27

for all multiindices a with ||+ |az| < 10. This means that there is a ¢ > 0
such that the multipliers

¢) =2 ", (27761,277%),
JEZ

(&) = 2> " ag,(2776,277%,)

JEL

(5.1)
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satisfy the conditions (4.1) in Theorem Now define operators S;* and
Ry

SEFE) =Y Boa(2778, 2770ug) (),

JEZ
Rif(€) = 0i(279¢1, 2 70uga) F(£).
JEZ

The assertion of the theorem follows if we can prove
| sup ¢ £1ll, < 27"V log D)1l
u

which follows by isotropic rescaling from

(5.2) | sup B; £1], < 27 Viog D)

Now let
N ={ne€Z:3s e (1/2,2) such that (2"s)° € U}.
Observe that #N < C(b)NM(U). The inequality (5.2) follows from

H sup sup \st fH| S27 ‘”W”f”l)

neN 1/2<s<2
which is a consequence of

(5.3) | sup 1RE71| < 27 Aog (T N A1
and
(5.4) / sg}\af‘a R%") f‘H ds <27 |l|\/log L+ #MNM)fllp-

Since

FIRF'F)( Z ag (27761, 2" 79°) £(€),

)b . . ~

FIOREI€) = 3 ani(2796, 2 ) ),
J

the inequalities (5.3) and (5.4 follow by applying Theorem to the mul-
tipliers in (/5.1]). O

6. PROOF OF THEOREM [2.3]

We only consider the maximal function for the operator T, since the
analogous problem for T" can be reduced to the former one by a change of
variable (with a different curve). We omit the subscript and set 7" = T'}".

Decompose Ko 4+ = » e Ko, Where

Fou(€) = X+ (271w (£)e™+®).
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Notice that, by Lemma [2.1} |&| ~ || ~ 26 for € € supp(ko¢). Define £j
by Kji(€) = Roe(277€1,277°¢2) and define T}, by

~

(6.1) T0J(€) = Fral6r, ua) F(€).

Then we have T = Z£>0 z]ez g0

The assertion of the theorem follows if we can show, for 2 < p < oo, that
there exists some € = ¢(p) > 0 with

sup sup \ZT? Til| < 2

nez 1/2<s<2

(6.2)

Define Ry, by
REF(E) = Ror(2 761, 27u) ).
By isotropic rescaling inequality (6.2)) is equivalent with

2n _
sup sup [ SSREVT|| <27 s
neZl/2<s<2 jEz

(6.3)

This inequality follows, by the embedding /# C ¢*° and Fubini’s theorem
from

oo (] s 1ZRE) <2,
nez JEL

1/2<5<2

Fix n,z and set G(s) = _; R]2 o f(z). We use the standard argument of
applying the fundamental theorem of calculus to |G(s)|P and then Holder’s
inequality which gives

G)P < |G +( / / Gwpas)

1/p (/1j2|G/( )|Pds ) 1/p

This inequality and another application of Holder’s inequality in R? shows
that (6.4)) follows from

(6.5a) Z //2 H ZRJ”S)”

flas) " s 2y,

(6.5b) (%/1/22 H;(;Rﬁ%)bﬂ HZdS>1/p < 2efe(s+1/p)||f||p
and

(6.5¢) (Z H Zj: an

for 2 < p < 0.

A" s2is,
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We focus on the derivation of the inequality (6.5a)). Note that for s €
[1/2,2]

Foa(6r,5°62) = wi (61, ") x4 (27 (61, ") e+ 6176
=272, s(ﬂg)e*z‘sﬁwsl,gz)

where

Me,s (€1, 62) = 22w, (261, 2°5%6) x 1 (| (&1, 5°62) )

and taking into account that w; is a symbol of order —1/2 we see that
the 7, s belong to a bounded set of C°° functions supported in an annulus
{€:a0 < |¢] < ag'}, for fixed ag = ag(b) < 1.

b b b
After changing variables ¢t = s~ o-1, with ¢ € (275-1,2%-1) this puts us
in the position to apply (3.8) with R = 2¢ and we obtain, with suitable
e =¢(p)>0

(/1; H]:_l[@(fla8b€2)ﬂ“2d5>1/p < 2—£(el+1/p)||f”p.

By isotropic scaling, replacing (&1, s°%€a) with Rg (21, sP2¢¢,), we also
have

? sP 1/p g
(6.6) (/ HRO,Kfuzd5> < (.2 (e +1/p)||f||p.
1/2
Let
mj,f(é., S) = @(2£_351’ Sb2€—]b§2)

and observe R;Zf({) = m; (&, s)f(ﬁ) The functions & — mg (&, s) are

supported in a fixed annulus and satisfy
(6.7) 1081922 m e(€, 5)| S 211,

By Corollary [3.6] we get the inequality

08 (f) (S mnr) )"
5 276(5’+1/p)(1 + g)l/Zfl/pH (Z ’fj’2>1/2Hp_
J

We can replace the multipliers m; (&1, &2, 5) by le,g(fl,anfg,S), after
scaling in the second variable. This means that for every fixed n we have
proved, for ¢ < &,

(6.9) (/;H( j (2" £l )1/2Hp 3)1/1952 (e+1/p) H( |fy|) ‘p

with the implicit constant independent of n.

I
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We now combine this with Littlewood-Paley inequalities to prove .
Let X be an even C*° function supported on {& : |eq[p273"1 < || <
ey [23011} and equal to 1 for |cy [b2730 < |&] < |ey 023, Let X( ) be an
even C™ function supported on {& : 272071 < |&] < 22%1) and equal to 1
for 2720 < |&| < 220, Define ]Sj(l), ]5].(3)) by

~

PUf(6) = XV @7a) ()
PR f(6) = YD (27)f(©)
Then by the support properties of @(2% we get for 1/2 < s <2
2ns)b (1) p(2 27s)P 5(2) (1
(6.10) Rg',f "= Pj( )Pj(—)n,bRg',E ) Pj(—)n,bpj( .

Hence, by Littlewood-Paley theory

(Z [z mla)”
Z/ /2H Z\R(“ P® P<”fy)1/2Hst>l/p

and by this is controlled by

ﬂm(ZH(ZW 2P (1>f’ )1/2H )1/p

nez JEZ

for some e(p) > 0 when 2 < p < oo. We finish the proof of (6.5a]) by
observing that

(ZH<ZIP P f2 )WH )" < H(ZZ|P 2 P g )WH
(X S ieese) | <,

k1E€Z ko €Z

where we have used the embedding ¢ < 7 for p > 2, and applied a two-
parameter Littlewood-Paley inequality.

We now turn to the estimate (6.5bf). A computation shows

(6110 20 (S FRE 1))

)

~

(O 3 vr(2796y, sh2lr gy 2V 2
s =
J
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where
_ o=l ﬁ 1 ¢ oWy 14
(6.11b) we(§) =27 x5 (I€]) |£|w+(2 £1,2°0) +x+(!£|)£2f852 (2°1,2°)
ov
+ X4+ (Ewy (2, 2£€2)i€2¥+(€1, §2).
2

Here the main contribution in (6.11b]) comes from the third term (the others
are similar but better by a factor of about 27).

It is now straightforward to check that in the proof of (6.5al) the term
n o\b n o\b

Rﬁ ) f can be replaced with 2433(735.724 s) f) and one obtains (6.5D)).
Finally, a simple modification of the proof of (6.5a) would also prove

(6.5c)): in place of (3.8]), one would use a fixed time estimate, as stated
immediately before (3.8)). This finishes the proof of Theorem [2.3

7. MAXIMAL FUNCTIONS FOR LACUNARY SETS

We shall prove some upper bounds for the operator norm of HY for lacu-
nary sets.

Definition. Let k > 1. A finite set U is called k-lacunary if it can be
arranged in a sequence U = {u; < uy < --- < ups} where uj+1 < uj/k for
j=1,...,M — 1. U is lacunary if U is k-lacunary for some x > 1.

Note that for lacunary sets we have #U ~ M(U) (with the implicit con-
stant depending on k).

Proposition 7.1. Let U be a lacunary set. Then, for 4/3 < p < oo

(7.1) 11| 2oe S V1og(L + (#U)).-

Proposition [7.1] will be used in the proof of lower bounds in For this
application it is important that just holds for some p < 2. We do not
know at this time whether the result extends to all p > 1. E| For special
lacunary sequences it does:

Proposition 7.2. Let U be a subset of {2"° :n € Z}. Then, for 1 < p < 0o

[HY || Lo e S V1og(1+ (#0)).

Here b is as in the definition of the curve ~, in (|1.1)).

1Added in September 2019: After the submission of this paper the authors showed
the bound of Proposition for general lacunary sets U, in the full range 1 < p < oo.
This result can be found in the paper [I7] which also contains L results, p < 2, for more
general sets U, under suitable dimension assumptions.
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7.1. Proof of Proposition[7.1. We may assume that for every interval I,, :=
[2"b,2("+1)b), n € 7, there is at most one u € U N I,. This is because
of the lacunarity assumption we can split U in O(1) many sets with this
assumption.

We order U = {u,} such that u, < wu,41 and let n(v) be the unique
integer for which u, € I,,.

We split H®) = S 4 T as in (2.§). In view of Theorems it
suffices to prove the inequality

(7.2) || sup [T2FI[],, < 11£1
uelU
for 4/3 < p < 2. By the reduction in §6| this can be accomplished if

(7.3) H sup | ZR;‘}f‘ Hp S 27 @) £,
J

can be proved for €(p) > 0, in our case in the range 4/3 < p < 2.
Replacing the sup by an #? norm we see that (7.3 follows from

(7.4 (=] ;R;-izf\?)m\}p S 2D f],

Analogously to (6.10) we have

w _ p) p) wp@  p)
Ry = PP V)bRMP P!

—n(v),b” J

n(
and thus, by Littlewood-Paley theory, (7.4) is a consequence of

(7.5) H(ZZ\R;; 2 o f\) || sz,

By a standard application of Khintchine’s inequality this estimate follows if
Wwe can prove

(7.6) | X ey, P00 | <27 Plisl

v JEZ

for an arbitrary choice of {c(v,j)} with sup; , [e(v,j)| < 1. Let

we(€) = wi (2°O) x4+ (I€])

then wy and its derivatives are 0(2*5/ 2), by the symbol property of w,, and
are supported on a common annulus. We see that the L? operator norms of
the individual operators R are O(27/?), and that the function

ZZX (279€)x P (@770 x

we(279¢€,, 200 =0)be el 200 (279, 2 () =Dbgy)
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has L norm < 27%2. This implies

(7.7) HZZ e RGP, ) BV F | S 2208

For p near 1 we apply the Marcinkiewicz multiplier theorem in the form
described in It is not hard to check that the multiplier m, satisfies the
condition (3.14)) with constant B < C,2/(29=1/2) Hence we get

(7.8) HZZ v j)RY PP ’ij“)pr < 2D L, > 1/2.

We interpolate between ([7.7)) and (7.8]). By choosing a very close to 1/2,
we obtain (7.6) for any p € (4/3,2]. O

7.2. Proof of Proposition[7.4. We argue as in the proof of Proposition
The desired conclusion follows if under our present conditions (|7.8) can be
upgraded to

. Uy D 2 ~(1
9 |23 cw iR PE, ) PV f| < el + Sl 1<p <2
v JEZL

As now u, = 2P for a strictly increasing sequence {n(v)} we see by
another application of Littlewood-Paley theory that ([7.9) is a consequence

of the inequality
1/2 1/2
sa+e|(Ximar) |,
Y7, < (Siner)

(7.10) H(ZZ\ 2 fin
nez je
This is proved as in [I6] by using a superposition of shifted maximal
operators, in a vector-valued setting. To analyze the situation we recall how
R}, was formed (namely by rescaling T, then see 2]

Let o4 be as in (2.1). Then there is a Schwartz function ¢ such that

RETHE) = v (2796, 2 ) )3 (260, 270-065) (e

(127960, 277 706) )32 760, 26770 06) £ (6).

Consider the second (error) term. It is easy to see that

| Flxs (127761, 27079, )32y, 26470 986,) F(€)] ()| S 27 Mg f ()

so that these terms are taken care of by an application of the Fefferman-Stein
inequality for the vector-valued strong maximal function.

. . l+1
We concentrate on the main term. We write o = an 9¢—1 [m Where

the measure p,, is given by

(m+1)
<,Um> f> = / ft, ’Vb(t)))@_(t)@.

m2—¢ t
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Define R;‘gmf by

~

Ry (€) = X(1(27961,277°) ) im (27 €1, 27 F ().
Then by the above discussion we have

2Z+1

R fa)— 3 R (@) £ 27 Maaef ()

m=2¢~1
and hence, by Minkowski’s inequality, it suffices to show that
b o\ 1/2 1/2
1) (3 s l) ], s 2w 0 (30 10) 7
n,jEL JmEL
for 26-1 < m < 20+l Notice that
[t F (1 1279]())

i 2! 2¢
(4 2yr — m2 =)™ (14 27]ys — mP2- )10

Now define
1 _
PV, (1) = 28(1 4 2Py — ml) 10
2 _ _ _
Py ) = 22 (1 22y — b2 0110

We then have the pointwise estimate

nb
(7.12) RZY fa) S 2740, @ o2 )+ 1.

By an application of inequalities for the shifted maximal operators (see [16),
Theorem 3.1]) we see that the expressions

/) /pm (71 _yl)‘g’ﬁ:kz(yl’$2)|dy2r>p/2dx>l/p,

k1,k2
2\p/2 \1/p
(JICZ [ ez = wlgmss(or,mlde] )" o)
k17k2
are both bounded by a constant times
1/2
Gogm)?|| (3 lmal?) | -
k1,k2 P
Applying both estimates iteratively we get
1 1/2 1/2
(16, @020 s lawill?) | 5 Gomm? | (3 o) |
k1,k2

We apply this with gi, x, = fk, k1 —k, and use (7.12)) to obtain (7.11)). O



24 S. GUO J. ROOS A. SEEGER P.-L. YUNG

8. LOWER BOUNDS

8.1. The main lower bound and some consequences. The purpose of this
section is to prove the lower bound

Theorem 8.1. Let U C (0,00) and 1 < p < co. Then there is a constant
cp such that
IHY|zr— Lo > cp\/log(M(V)).

8.1.1. Some consequences. (i) First, Theorem in combination with the
already proven upper bounds in Theorems [2.2] and [2.3] yields the equivalence
(with constants depending on p)

(8.1) 11 | zo 10 = /log(M(U))

for 2 < p < oo, stated as Theorem
(ii) We also immediately get an equivalence in Propositions and

which we formulate as

Corollary 8.2. Let U be a lacunary set. Then (8.1) holds for 4/3 < p < co.
If U is contained in {2"° : n € Z} then (8.1) holds for 1 < p < cc.

8.1.2. Reduction to the case p = 2. Let U, be a maximal subset of U with the
property that each interval [27, 2""1] contains at most one point in U. Then
#(U,) =~ N(U). Let U be any finite subset of U, with the understanding
that U = U, if U, is already finite. Clearly

IHY | oo e = | HY* | o re > 1HY | Lo—rr

and thus it suffices to prove the inequality

(8.2) 1Y || 2os o = Apy\/log(#T).

We show that it suffices to prove (8.2]) for p = 2: Since Uis a disjoint
union of two lacunary sets we have the inequality

MY || oo 1o < Cyp/log(#0),  for 4/3 < q < oo,

by Proposition [7.1

If 1 < p < 2 we pick ¢ such that 2 < ¢ < o0, and if 2 < p < oo we pick ¢
such that 4/3 < ¢ < 2. Let 6 € (0,1) such that (1 —0)/p+0/q=1/2. We
have

L ) . )
Ag(og(#0)) " < M| 12y 2 < 1HU 152 o 1T 190 10
< (cq(log(#0 )2 |HY 11155, 10

- 16 =
HHUHLP%LP > A21_ch e \V log(#U).

which implies
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For the remainder of this section we shall verify the lower bound in (8.2))
for p = 2. We shall need to skim the set U a bit more. To prepare for this
we first study in more detail the multipliers of the Hilbert transforms.

8.2. Observations on the multipliers for the Hilbert transforms. We may
assume c;. > 0. We write H® f(£) = m(fl,ufg)f(g) where

m(&1,&) = lim (/ e—i(t§1+c+tb§2)dt+/ e—i(t&-&—c,(_t)b&)@).
‘%j?o'g e<t<R t —R<t<—¢ t

By the homogeneity of the curve I', with respect to the dilations (&1, &2) —

(A1, AbEs), we see that m(\Ep, A&) = m(&, &) for A > 0. Moreover one

can check that m is continuous on R? \ {0},

(8.3a) m(£1,0) = —wisign &, &1 #0,
and if & > 0, then

—Llog(ey /e ifc. >0
(8.3b) m(0,6) =4 Bler/e-) 1

-3 log(—c+/c_) — Bﬂ'l if c. <0.

We shall need the following Holder continuity condition at the axes.

Lemma 8.3. There is Co = Co(b,c1) > 1 such that we have the estimates

(8.40) m(er. &)~ m(e1.0)] < €. (1 25) ™
b, L
(8.40) e, €2) — m(0.€0)] < €Y

Proof of Lemma[8.3. We have |m(&1,&)| < Co(b,cy) and therefore it suf-
fices to show that (8.4a]) holds for |&| < |£1]® and (8.4B) holds for |&;]° <
[

For the proof of (8.4a)) it suffices to check, by homogeneity and bounded-

ness of m,
(8.5) m(£1, &) —m(£1,0)] S 16l |&] <1,
for some 3 > (2b)~!. Let

1, .1
(8.6) A=An) = 5\77| bFI.

We have
3

m(1,&) —m(1,0) =Y (L1 (cpbb2) — I - (c_b&2))

J=1
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where

Am) .

Li+(n) = / eFit (=it /b _ 1)ﬂ ,

b 0 t

> dt

T eTit— itbn/b A

2.+(n) = / ) ;

Ly a( / tdt

Clearly

A
()] < /0 U gldt = A2,

By integration by parts,
’137:|:| < 2471,

By our choice
1
(e ()] + [ L3,£(n)] < Inf o+

We may assume || < 1. Let By = Bi(n) = |p~/®=Y|/2 and By =
Bso(n) = 2|n~*/(=1|. Then B;(n) > A(n) and we split

B
IQ,:I:(U) :/ +/ / 1dt
A B Ba

with o (t) = Ft — t’n/b.
Note that for |t| < B; we have 1/2 < |¢/(t)| < 2 and thus, by van der
Corput’s lemma with first derivative we have | ffl(...)dt\ <AL

Note that [¢"(t)] = |n|(b — 1)t*~2. For the second integral we apply
van der Corput’s lemma with second derivatives and get | [ BBl 2(Lodt] <
|Bl|71|77’71/2(b ) 1/2|Bl| (b—2)/2 < (b—l) 1/2|77|1/ (20—-2)

Finally for the third integral we use that |¢/(t)| = |n[t*~! and | ()| ~
In|(b—1)t*=2 and a straightforward integration by parts argument yields the

bound O(|n|~'B;?) = O(|n|#1).

The estimate for m(—1,&2) —m(—1,0) is analogous. Altogether we obtain
(8.5) with 8 = min{(b+ 1)~1,(2b — 2)71}, and we have 5 > (2b)~!

We now turn to the proof of (8.4b)). It suffices to check, by homogeneity
and boundedness of m,

(8.7) Im(&r, £1) —m(0, £1) < |&|V?, |l < 1.
Let

(8.8) B =B(&) = (al&])”"/* where a = miin(bci/Q)b—%,
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‘We have
3
m(€,1) =m(0,1) = (IL;+(&) = 11~ (&1))
j=1
where
B(&1) A A
IIl,:t(gl) — / (e:':’ltfl _ 1)e_lcitb% :
0
II2,i(f1) = / ezlzit&—icitb@’
B(&1) t
ot
1154 (&) = —/ Tt
B(&1) t

The estimation of these terms is straightforward; we get
11+ (&) S [&]B(&)

and

(34 (6)] S B(&)™
and both terms are O(|¢]'/?), by our choice . By this choice we also
have 2 < |c4|bt?~! for t > B(&;) which implies that for |&;] < 1

1
§|cjt|bt”—1 <8y (Ftéy — ext®)| < 2)eq |btP7T for t > B(&)).

Integration by parts now shows that
(I (6)] S B(&)™

which is O(|&1]%/?), hence also O(|¢1|'/?). The term m(&;, —1) —m(0, —1) is
similarly estimated. This completes the proof of ({8.7]). O

8.3. Reduction to a lower bound for a lacunary mazimal operator. Recall
that U C U with (U) < co. Let J be the collection of all integers n such
that [27,2""1] has nonempty intersection with U, thus M(U) = 1+ #7J. Let

(8.9) K =K(U) = (CoN(D))*
where C, is as in (8.4a), (8.4b)). Let 3’ be a mazimal subfamily of J with
the condition

(8.10) niy € jl, ng € jl, n<ng = ng—ni;+1> log2(8K2).

Pick an integer M such that M +1 is of the form 2* with p € N and such
that ~ ~
nw) NW)
logy(16K2) 4 4 4blogy(CoN(T))
We may assume that the displayed quantity is > e'%°, so that the logarithm
of this quantity is comparable to log M (otherwise the desired lower bound
for ||HY||;2_ 2 just follows from the trivial lower bound for the Hilbert
transform along a fixed curve).

€ [M,2M).
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We may now pick an increasing sequence {u; }jj‘il such that each u; be-
longs to U and to exactly one interval determined by the collection J’. Hence
we have

(8.11) S > 16K,

Uy

Given the reduction in §8.1.2|the lower bound /log(M(U)) in Theorem

follows from

Proposition 8.4. Let U and {uj}jj‘/il be as above. Then there is ¢ > 0 such

that
sup H sup ]’H(“j)f\HQZC\/IogM.

Ifll2=1 " 1<j<M

The proof of this proposition is based on a construction by Karagulyan
[18].

8.4. A theorem of Karagulyan. We will invoke the following proposition,
which is a small generalization of the main theorem of Karagulyan [18] (see
also [19]). For u € N, let

W, = {0} U D {0,1}*
/=1

be the set of binary words of length at most p — 1, and let
T W, = {1,...,2* -1}
be the bijection given by 7(0)) = 2#~! and
T(w) = w2V 4 we2P 2 4 a2t 4 on

if w =wjws...wy for some £ € {1,...,u—1}, and each wy,...,w, € {0,1}.
Observe that for a word w of length ¢, 7(w) is divisible by 2#~¢~! but not
by 2+¢.

Proposition 8.5. Let p be any positive integer, M = 2* — 1, and let
S1,...,Sn be pairwise disjoint subsets of the (frequency) plane R?, so that
every S; contains balls of arbitrarily large radii (in other words, for every
1 <j <M and every R > 0, S contains some ball of radius R). Then there
exists an L? function f on R2, that admits an orthogonal decomposition

f:qun

weW,
where
(8.12) suppf; C Srw) Jfor allw e Wy, and
(8.13) £ = D lfwllfz <2

weW,,
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in addition,

(8.14) H Sup‘ S .wa

lsjsM weW,: 7(w)>j

Vi
> .

Accepting this for the moment, we prove Proposition

8.5. Proof of Proposition[8.4 As before, suppose c¢; > 0. Let
_ {—élog(ch/c_) if c. >0,

—+log(—cy/c) — fmi if co <O0.

Then m(0,&2) = p for & > 0 and m(&,0) = —mi for & > 0 (cf. (8.3b)),
(3:34)). Let K as in (8.9), then

C. K~z < (M) <M.
From (8.4a]) and (8.4b]) we see, for & > 0, & >0

(8.15a) £/ <K' = |m(&, &) +mi| < CoK = < ML,
(8.15D) EIE>K = |m(&,&) —p| < CoK 5 < M~

For 1 < j < M, define
(8.16) S;={(&,&):&>0,&>0 L<§—2<i}
. j 1,82) - Q1 ) §2 ) 2KUJ 511] Ku] )

so that the S; are pairwise disjoint, and contain balls of arbitrarily large
radii. By Proposition|ﬁ|7 there exists an L? function f = ZwEWM fuw on R,
such that (8.12f), (8.13) and (8.14]) hold. Now for 1 < 5 < M,

HO) f(@) = pf @) 2| Y (@i +p) fule)]

weW,,:
T(w)>j
| X fulw) wmifu@)| - X (O fule) — pful)|
weW,,: weW,,:
7(w)>j T(w)<j

and thus, with ¢g = 7(1 — %)7

(817)  swp [ f(0) = pf (@) Z o swp | D0 fulo))

1<j<Mm 1<j<M

weW,,:
T(w)>j
2 30 o0 ootz | 3 0-pso)

T(w)2j T(w)<j
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Now supp?; € S (w)- I 7(w) > j, then for £ € suppf;, we have u;&2/€0 <
w)£2/§1 < K~! and therefore, by (8.15a} m, we have [m(&1,u;&2) + mi| <
—1 for £ € supp fw Hence

(8.18) (R + 7i) ful, < M7 fullz if 7(w) > j.

Moreover if 7(w) < j we have, for £ € suppﬁ,,

w2 Y U ) % > 16K2— = 8K
{1 ’LLT( f 2K
and hence, by (8.15b), [m(&1,uj&) —p| < M~ for € € suppf/;. Thus
(8.19) (R = p) fully, < M7 fullz  if 7(w) < 5.
Statements (8.18) and (8.19) imply
(8.20) | sup \ () = ) ful ||, < 1712
1<5<M _ 2
T(w)<J
(8.21) H sup ‘ Z (H(“f)—l-m)fw’H S I fll2-
S AU 2
T(w)>j

Indeed, to obtain (8.21]) we use the Cauchy-Schwarz inequality in the w sum
and replace a sup in j by an £? norm, then interchange integrals and sums

and apply to get
\hf;lfM'EW(”(““—p>wa12
(u0<j
(35 5 e ond)
J=171(w)
M1/2(Z S = psl2)
=1 r(w)<y

- 1/2
SM”%EjMQEZWMQ < £l
j=1 w
(the last line following from (8.13))). Inequality (8.20]) is proved in exactly
)-

the same way (relying on -)

Now we go back to , use (8.14)) for the main part and (| - -

for the two error terms Then we get

| sup (1D = )l = eyl fil

1<j<M
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for some constant ¢ = ¢(b,c4+) > 0. If \/iz > 2|p|/c this also implies
| sup 5| = (e/2) Vil e
1<j<M 2

This completes the proof of Proposition [8.4] except for Proposition 8.5 [

8.6. Proof of Proposition [8.5. Fix a_non-negative Schwartz function ¢ on
R? with Jge #(x)dx = 1, such that ¢ is supported in the unit ball B(0,1)
centered at the origin. Define the frequency cutoff ¢, by

$p(x) := p*¢(pa).

Then ng,, is supported on B(0, p).
The following lemma explains what we actually construct, in order to
prove Proposition 85

Lemma 8.6. Let n € N, M = 2 — 1, and let Sy,...,Sy be as given in
Proposition . Then there exist a sequence of sets { Ey }wew, , modulation

frequencies {Ewtwew, C R?, and radii {pw}wew, such that the following
holds:

(a) For every w € W, Ey,, C [0,1]%, and for every w € W,_1, Ey, is the
disjoint union of Eyo and Eyy Also, Ey = [0,1]2. For £ =0,...,pu— 1,
[0,1)? is a disjoint union of the E,, with length(w) = ¢, and

(8.22) > 1g,()=p.
weW,,

for every x € [0,1].
(b) For every w e W,,,

(8.23) e, * ép, — L, llr2 < 274777,

(5.24) [ leost(gumplas =

(8.25) B(€w» pu) C S

(c) For every w € W,_1, we have

cos({€y, ) >0 if x € Eyo,

(8.26) cos({€w, ) <0 if 2 € Eyr.

With this lemma we can prove Proposition as follows.

Proof of Proposition[8.5. For every w € Wy, let Ey, py and &, be as in
Lemma 8.6l We set

(827&) fw(-’r) — M—1/26i<§w,$> ]]‘Ew * ¢Pw (x)’
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and let

(8.27b) f=> fo

weW,,

Then the support of E is contained inside B(&y, pw), SO 1) follows from
(8.25). Also, the fy’s are supported in the sets S.(,,) which are disjoint and
thus by orthogonality we have

7= (3 182)"

weW,,
But, fI‘OHl " we ha,ve
(8.28) wa _ M—l/zez'(sw,quwH < 910,
2

Observe

(3 1np)”

weW,,
1/2

( Z ‘f T Y )1/2+< Z )M—1/2ei(§w,m>1Ew‘2) :

weWy, weWy,

and using ) to simplify the second term we get

( Z fol ) < (5 |fu- et >1Ew‘2)1/2+1[071]2

weW,, weW,

for almost every z € R?. Taking L? norms of both sides, and using (8.28),

2

weW,
Thus (8.13]) follows.

Lastly we have to verify (8.14). To do so, we first introduce an auxiliary
family of functions {Fy }wew,, where

(8.29) F,:=Refylg,.
These F,’s satisfy three key properties, namely
(830 S 1Fw —Re full 2 <27
weW,
1 SUPigj<m ‘ D wew, >'Fw($)’
(8.31) - < ’ wEW: T(w)2) <1 forae. zc[0,1?
3 > wew, [Fu(@)]
and

m
s L] 5wl <] 3 mll <] 3 ] < o
weW,, weW,, weW,, >
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Indeed, (8.30]) will be a consequence of
(8.33) |Fy — Re fullz2 S 277710 for all w € W,.

Since Fy, —Re fy, = Re fulr2\ g, , heuristically, says that the real part
of each f,, is essentially supported on E,,: the L? norm of Re f,, outside E,, is
small. Furthermore, says that there isn’t much cancellation, if we first
order the F,’s according to the value of 7(w), and then sum successively;
this will be achieved by showing that {Fy }wew, form a tree system in the
sense of Karagulyan [I8] (who credits the idea to Nikisin and Ul’janov [22]).

Let us now establish the three key properties of the F,’s, namely (8.30)),

1) and 1} Since F,, — Re fu, = Re fw]l(Ew)C’ and since
1

8.34 Re fu(x) = — cos((&w, x))1E, * ¢o,(T),

(8.34) () i ((w, 2))1E ()

we have

HFw —Re waLQ(RQ) = HN_I/Z COS((&U, 33>)]le * Qbfw HLQ(RQ\EM)
—p—10
< H]]-Ew - ]]-Ew * ¢KWHL2(R2\EH,) < 27H
by (8.23)). This establishes (8.33)), and (8.30]) follows by summing over w €
W,

Next we verify (8.31)). The second inequality in (8.31)) is immediate by
the triangle inequality. For the first, we observe from (8.34)) that if x € E,,,

then Fy,(z) has the same sign as cos({,,x)) since 1g, * ¢y, is everywhere
positive. We claim that for almost every z € [0, 1]2, there exists j = j(x)
such that F,(x) > 0 for every w € W, with 7(w) > j, and F,(x) < 0 for
every w € W, with 7(w) < j. This is because for almost every = € [0, 1]?,
there exists a unique word w(z) = wi...wy—1 of length p — 1 such that
T € By By (8.26), it follows that, for every £ =0,1,...,u—2,

Fuyow,(x) >0 if wepq =0,

Fupoow,(x) <0 if wppq =1,
and that F,y(z) =0 if w’ € W, \ {0, w1, wiwa, ..., w1 - wy—1}. But

T(w1 .. .’wg) = w12“*1 + - +w52“7€ —l—2‘“7€71,
while
T(w(x)) = w12 4 w2 w20 w20 20
This shows that for every £ =0,1,..., u — 2,
T(wy ... wp) > 7(w(z)) if wep =0,

T(wy ... wp) < T(w(z)) if wep =1



34 S. GUO J. ROOS A. SEEGER P-L. YUNG
Thus for any w’ € W), one has

Fy(x) >0 if 7(w') > 7(w(x)),
Fy(z) <0 if 7(w') < 7(w(x)).

If Fyey(z) > 0, we set j(x) = 7(w(x)); if Fye(r) < 0, we set j(z) =
T(w(x)) + 1. It follows that that F,(z) > 0 whenever 7(w) > j(z), and
Fy(z) < 0 whenever 7(w) < j(x). We distinguish two cases now. In the
first case we have

Y Rz Y R

weWy,: 7(w)>j(x) weW,,

In the opposite case, we have | ZwEWu: Hw)>j() Fu(@)] < 3 ZweWN |Fw(x)],
S0 | ZwEWH: T(w)<j(x) Fw($)| > % ZweI/VH |Fw(I)| Then

> relz| ¥ Rl Y A

weW,, weW,,: weW,, :
7(w)<j(z) 7(w)>j(x)
1 1
> Y R@I-5 Y R@ 25 Y (R
weWy,: weW,, weW,,
T(w)<j(z)

Hence in both cases

sup ‘ Z Fw(x)‘ Z% Z | Fow()]

1sj<M weWy: 7(w)>j weW,,

for every z € [0, 1]2. This completes the proof of (8.31)).

Finally, we have to verify . Note that F,, is supported on [0,1]?
for every w € W,,, and for almost every z € [0,1]?, there exists at most u
words w € W, for which F,,(x) # 0. Furthermore, |F,,(z)| < u~%/2 for every
z € [0,1]? and every w € W,,. Thus, we have

| 3 < 30wl < | 3 1md] < va
weWw, weWw, weWw, >
Next, for the lower bound,

| 3 i), "2 Lo )1 g ()

weW,,



FAMILIES OF HILBERT TRANSFORMS ALONG HOMOGENEOUS CURVES 35

which is

v

/ (\ cos({&w, x))| — | cos((éw, 2))[1E, — L, * mw”) d

w

we

=

Y

([ Teos((éws oDlda = 115, = L, = br, 12| Eul )

w

we

=

AV

sl- 5l- -

=

E.

we

where for the last line we have used (8.24), (8.23)) and (8.22]). This completes

the proof of (8.32)).
We will now return to the proof of (8.14]). First,

s | Y @]z sw |3 Refulo)

1<j<M weW,: T(w)>j 1sjsM weW): 7(w)2>j
s mp | T R]- 3 I -Rea)
1SISM T ew,: 1(w)>j weWy
which by (8.31)) is
1
LS R Y IR - Refulo).
weW,, weW,,

From (8.30) and (8.32), we then have

|| 3 s
J

1sjs=M weW,: (w)>

>@—2*10>@.
2 — 12 — 50

Hence (8.14) follows from (8.13]). This finishes the proof of Proposition
except for the proof of Lemma [8.6] O

The proof of Lemma is done by induction over the length of words.
The basic step is contained in

Lemma 8.7. Given ¢ > 0, a set E of finite measure and a set S in fre-
quency space that contains balls of arbitrary large radii, there exist pg > 0,
a frequency & and a ball B = B(&y, po) C S such that ||¢p, * 1 — 1E|j2 <€
and fE | cos((&o, x))| dx > |E|/3.

Proof. Since {¢,}p>0 form an approximation of the identity there is Ry =
Ry (S, E,¢) such that

(8.35) by * 1 — Lpls < &
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for p > R;. Also observe that

liminf/ | cos((&, z))|dx > |lirninf cos((¢, z))dx
E

|§|—+00 fl=+oo JE
— lim 1+ cos(2<§,x))dm _ |7E]7

by the Riemann-Lebesgue lemma. Hence we find R2 = R2(S, E, ) such that

(3.36) [E | cos({€, 2))|dz > |E|/3,

for €] > Rs.

By assumption on S we can find a ball By of radius Ry > 10 max{R1, R},
centered at some =y such that By C S. There is a point & € B(Eq, Ry/2)
that satisfies |{o| > Ro/4. Set pg = Rp/4. The ball B(&y, po) is contained in
By and thus in S. Also since pg > Ry we have for p = po and since

|€o| > R2 we have (8.36]) for & = &. O

Proof of Lemma[8.6. We will construct a sequence of sets {Ey,}, radil py
and modulation frequencies &, using induction on the length of words. We
use € = 274710 in Lemma

First let Ey = [0,1]?. We apply Lemma Iﬁ' with E' = Eg and S = S;(g).
We thus find &y, pp such that (8.23)), (8.24), (8.25) hold for w = (. We
consider the two words of length one, i.e. 0 and 1 and let

Ey:={x € Ey: cos((&w,x)) >0}
Ey:={x € Ey: cos((&w,x)) <0}

so that Ej is a disjoint union of Fy and Fj, and (8.26) holds for w = 0.
Clearly [0,1]? is a disjoint union of the E,, with words w of length 1.

Suppose Ey, pu,&w are defined for all words of length ¢ < p — 1. Take
any word of length ¢+ 1, of the form w0 or w; where w is of length ¢, and
where By, pu, & satisfy (8.23)), (8.24)), (8.25), and where [0, 1]? is a disjoint
union of the E,, with length(w) = £. We let

Eyo:={x € Ey: cos({(&w,z)) > 0}
Ey:={x € Ey: cos({(&w,z)) <0}

so that (8.26) holds, E,, is a disjoint union of E, and E,;, and thus [0, 1]2
is a disjoint union of all Fg where w runs over all words of length ¢+ 1.

We now use Lemma to find pyo, Ewo so that (8.23), (8.24]) and (8.25))

hold for w0 in place of w. Then we use Lemma [8.7] again to find py1, w1 SO
that (8.23]), (8.24) and (8.25)) hold for w1 in place of w.

At step £ = . — 1 this completes our construction of E,,, p, and &, for
all w € W, and all the properties stated in Lemma [8.6] are satisfied at
every stage of the construction. Note that the balls B(&y, pw), B(&w, pw)
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are disjoint for different w, w because these balls belong to the disjoint sets
Sr(w)s Sr(w), respectively.
Finally we have by our construction, for £ =10,...,u — 1,
Z ]le = 1[0,1]27
w:length(w)=¢
and we obtain (8.22) by summing in £. O

APPENDIX A. PROOF OF PROPOSITION [3.4]

The proof is a modification of the argument for the standard Cotlar in-
equality regarding truncations of singular integrals, cf. [20, §1.7].
Let m;(&) = n(277&)m(€) and let a;(&) = m;(27¢). We pick 0 < ¢ <
min{a — d, 1}. Then by assumption
(A1) sup [la;llzn < B < o0
Z

j€
which implies that |F~[a;](x)] < CB(1 + |z]|)~%7¢, and thus, with K; =
Ftmyl,
|Kj(@)| +277|VE ()] < OBYU(1+ 2 |z])~ <.

For Schwartz functions f we have Sf = ., Kj* f and Spf =3, ., Kj*f.
Lemma A.1. Fiz & € R and n € Z, and let g(y) = f(Y) @z (y) and
h=f—g. Then

(i) [Sng(2)] S B M[f](Z).

(i) |Sph(%) — Sh(Z)| S B M[f](Z).

(iii) For |w — %| < 27" 1 we have |Sh(Z) — Sh(w)| < B M[f](%).

Proof. By appropriate normalization of the multiplier we may assume B = 1.
(i) is immediate since for j < n
K g(@)| 52 [ l9()ldy S 2970 [g] (3)
|z—y[<27™
and the assertion follows since |g| < | f].
For (ii) notice that [S,h(Z) — Sh(Z)| < >_,., |Kj * h(Z)|. For j > n we
estimate

|K; * h(F)] < 279 / 17—y h(y)dy
|[Z—y|>2—"
S22 hGy)ldy
g; B(&,2-")

where the slashed integral denotes the average. Thus we get

DK+ h()| S M[h)(2)

jzn



38 S. GUO J. ROOS A. SEEGER P.-L. YUNG

and, since |h| < |f|, the assertion follows.

Concerning (iii) we consider the terms K * h(Z) — K; % h(w) separately
for j <nand j >n. The term > ., |K; * h(Z)| was already dealt with in

(ii). Since |w — | < 27" ! we have |w — y| ~ | — y| for | — y| > 27" and
thus the previous calculation also yields

DK xh(w)| S MR)(&) S M [f(2).

i>n
It remains to consider the terms for j < n. In that range we write
1
Kjxh(z)—Kj+h(w) :/ / (T—w, VKj(w+s(z—w)—y))h(y)dy ds.
0
[Z—y|>2—"

Since |w — #| < 27! we can replace |w + s(Z — w) — y| in the integrand
with |Z — y| and estimate the displayed expression by C') ;< A j» Where

274

Apjn =217 — w)| h(y)ldy

2=l —y| <27 (14271 - y[)te

< glimm-e)g-te ] () dy.
B(#,2l-m)

Summing in [ > 0 and then j < n yields
(A.2) D K« h(F) — Kj x h(w)| S Mh(&) S M (). O

Jj<n

Proof of ([3.7). We proceed arguing as in [26, §1.7]. Fix & € R? and n € 7Z
and define g and h as in the lemma. For (suitable) w with |w — 7| < 27771
we write

Snf(Z) = Spg(%) + (S — S)M(T) + Sh(Z)
(A3) = 8ng(F) + (S — S)h(2) + Sh() — Sh(w) + Sf(w) — Sg(w).

By Lemma [A-]]
1Sng(Z)] + |(Sn = S)R(Z)| + [Sh(Z) — Sh(w)| < B M[f](Z)

—

and it remains to consider the term S f(w) — Sg(w) for a substantial set of
w with |w — | <2771
By the Mikhlin-Hérmander theorem we have for all f € L'(R?) and all
A>0
meas({z : [Sf(z)] > A}) < AN f]ly
where A < C, 4B.
Now let § € (0,1/2) and consider the set

Qn(2,0) ={w: jw—3[ <27 |Sg(w)| > 2% AM[f](z)}.
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In (A.3) we can estimate the term |Sg(w)| by 2¢6~1A M[f](#) when w €
B(z,2 "\ Q,(Z,9). Hence we obtain

~ . -1 ~
(AN IS @< d o ISFw)]+ ClondB(L+T)MIf(E)

By the weak type inequality for S we have

: Algly 5
meas(0(5:0) £ g ST = ST o SO

< 62 %meas(B(%,27")) = d meas(B(#,27"1)).
) >

Hence meas(B(#,27" 1) \ Q,(&,6)
for all » > 0

(1 — d)meas(B(%,27 ")) and thus

inf |1Sf(w)]

weB(Z,2="~1)\Qn(Z,5)
1 1/r

< T

- <meas(B(§:,2_”_1) \ Q,(Z,9)) /%(53’2—71—1) |5 f(w)l dw)

< ( !

N1 -9)|B(#,27" )| Jp@2n1

1/r
Sfw)dw)

We obtain
|Snf (@) < (1= 8)""(M[|Sw|")(#))"/" + Cla, d)(1 4+ 6~ B M[f](#)
uniformly in n. This implies . U

APPENDIX B. PROOF OF THE CHANG-WILSON-WOLFF INEQUALITY

In this section we prove Proposition 3.1} For m € Z we define

Mo f(x) = sup |E; f(x) = En f(2)],

S f(x) = (i D))

We show that for real valued f € L®(R?),

- meas({x e R%: |f(x) — Eof(x)| > 2\ and S¢f(z) < E)\})
1

(1-¢)? d
< - : .
< 2exp( 522 )meas({x € R": Mof(z) > )\})
We shall give the proof for the convenience of the reader. It is due to
Herman Rubin (simplifying an earlier argument by Chang, Wilson and Wolff
as explained in [4]).
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First, we claim that if n is a non-negative integer, I,, is a dyadic cube of
side length 27" in R, and I,,, := {z € I,,: Gof(z) < a} where a > 0, then

(B.2a) |11| @) Enf @ gy < 1%
n In,a

(B.2b) ’I1| @) Enf@)] gy < bi2e?
n In,a

for every ¢ > 0. Indeed, for every such I,,, a and ¢, we have, by the Lebesgue
differentiation theorem, and dominated convergence, that

1 M@ Ef @y = i 2 [ B @Bl @) gy

‘In‘ In,a m—00 |In| Ina

while for every m > n,

1
(B.3) T /[M e dx

| HEnf@)-Bnf@)] ] |
S I/ 1 D, f d{L‘ H H Ej(etD]f)H - .
\Inl J1, [T, Ej(e™il)(z) i Lo (Ina)
But
tBo f (2)—En f ()]
(B4) L[ e dr =1

1Ll 1, T (e ()

for every m > n, since the integrand forms a martingale on I,,. More
precisely, (B.4]) is clearly true if m = n, and if this is true for some m > n,
then for any dyadic cube I,,, of side length 2™ inside [,,, we have

et[Em+1f(z)7]Enf(:r)] J / et]D)mf(:p) et[]Emf(:r)fIEnf(a:)] p
xr = . X
1, [T, Ej (i) () 1 Em(ePm ) (@) T By (efPif)(2)

Since the second fraction in the integrand is constant on I,,, this gives

etEm1f(2)—En f(2)] etlBm f(z)—En f(z)]
m ;) () 0% = m—1 D; dz,
1 T2 By (e ) (2) 1 1175, Ej(e®il)(x)

which gives (B.4) for m + 1 in place of m upon summing over all the I,,,’s
inside I, and using the induction hypothesis. Now from E;(ID;f) = 0, we
have L ,

E; (™) (x) = cosh(tD; () < e3P/ @)

for all z, so
m—1

[ B (@) < edrioorer,

Jj=n

which gives

m—1 )
E.(etDif H < est?d®,
H H i (€7 Lo®o(Ina) — ¢
j=n
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In view of (B.3]) and 'B‘4.: , we have established our claim (B.2a)). Replacing
f by —f we also obtain (B.2b).

Now consider any n > 0 and any dyadic cube I, of side length 27", From

(B.2al), (B.2b)) and Chebyshev’s inequality, we have, for any A > 0 and a > 0,
that

meas({z € I: |f(z) — E,f(z)] > X and Sy f(z) < a}) < 2e—t>\e%t2a2|ln|

for all ¢t > 0, so minimizing over ¢ > 0 (i.e. setting t = A\a~2), we have

2
(B.5) meas({z € I,: |f(z) —Enf(z)| > X and S f(z) < a}) < 26_2%\[”\
Let Iy be any dyadic cube of side length 1, and let Z be a collection of
maximal dyadic subcubes I of I such that
1

7 J ¢ =Eap

For each I € 7 consider the following subset of I:
{z el:|f(x)—Eof(x)| > 2\ and Spf(z) < eA}.

If this subset of I is non-empty and |/| = 27", then by considering the
dyadic parent of I and using the existence of x € I where G f(x) < e, in
particular |E,,_1 f — E, f| < e\, we have that

5 ¢ —Eon] < a+on,

> A

and so
En(f — Eof)(@)] < (1+2)A
for every x € I. It follows that
{zxel:|f(x)—Eof(x)] >2X and Spf(x) <eA}
Clzel:|(f—Eof)(x) —E,(f —Eof)(z)| > (1 —e)X and Sof(z) < A},
which by (applied to f — Egf instead of f) has measure bounded by

_ (1-¢ 2

)
2e 22 |[|]. Since this is true for all I € Z, summing over all I € Z, we get

meas({z € Io: |f(z) — Eof(x)| > 2X and o f(z) < eA})

(1—¢)2

< 2¢” 22 meas({z € Ip: Mof(z) > A})

forall A > 0 and 0 < € < 1. Summing over all dyadic cubes I of side length
1, we get the desired conclusion in (B.1)).

To prove (3.1)) for real-valued functions we use a scaling argument, apply-
ing the above to f(2V.). This leads to

(B.6) meas({z € R? : |f(z) —E_nf(z)| > 2\, G_nf(z) <el})
< 2exp (— (I_E)Q)meas({x eR?: M_yf(x) > A\}).

2¢2
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Since f € LP(R?) we have |[E_yf|lc < 27V9P||f||, and thus E_yf — 0

uniformly as N — oo. Let 0 < § < 1. Pick N such that
2 NP £, < 6.

Then |f(x)| > 2A+ 0 implies |f(x) —E_nf(x)] > 2X for such a choice of N.
We also have G_y f(z) < &f(z), M_nf(x) < Mf(z), and thus, for e < 1,

meas({z € R : |f(x)] > 2\ + 8, & f(x) < eA})
<meas({z € R? : |f(x) —E_nf(z)| > 2\, G_nf(x) <el})
<2exp(— (12_5‘2)2)meas({1: eRY: M_yf(z) > A})

< 2exp(— (175)2)meas({x e RY : Mf(z) > A}).

2¢2

We let 6 — 0 and obtain

meas({z € R : |f(x)] > 2\, & f(x) < eA})
<2exp(— (I_E)Z)meas({a: eR?: Mf(x) > \}).

22

For complex valued functions we apply (B.1]) to the real and imaginary
parts and we obtain

meas({z € R? : |f(z)] > 2V2\, & f(x) < e)})
<dexp (- (12;)2)meas({x eR? : Mf(z) > \}).

In particular we obtain Proposition (where € < 1/2) with the constants
¢y =1/8 and ¢y = 4. O

(B.7)
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