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Problem 1 It is clear that (xy − 1) is a radical ideal since every variable
has degree 1. So the coordinate ring of the variety is k[x, y]/(xy − 1). By the
anti-equivalence of algebraic sets and reduced finitely generated k-algebras, we
only need to show that k[x, y]/(xy − 1) is not isomorphic to k[t].

Suppose there exists an isomorphism φ : k[x, y]/(xy − 1) → k[t]. Then the
image of x, y must be invertible, hence has degree 0. So φ cannot be a surjection,
a contradiction.

Problem 2 (The map should be t 7→ (t3, t2).) If s, t maps to the same non-
zero point, then t = t3/t2 = s3/s2 = s. When they both maps to (0, 0) it is
also trivial that s = t = 0. So the map is injective. For (x, y) on the curve, let
t2 = y, then either t or −t will map to (x, y), so the map is surjective.

Suppose there exists an isomorphism from the coordinate ring of V (x2− y3)
to k[t], the image of x is p, the image of y is q. Let (p, q) denote the k-linear
combination of p, q and their multiples, such that t = (p, q)+λ for some constant
λ. We conclude that all the roots of p and q are equal to λ. Since p2 = q3 we
now have p = (t− λ)3d and q = (t− λ)2d for some positive integer d. Without
lose of generality suppose λ = 0, and we have the relation t = (t3d, t2d), which
is impossible since any term on the right-hand side is of degree strictly higher
than 1.

Let {λi} be a closed set in A1, consider these polynomials:

x− λ3
i , y − λ2

i .

Under ristriction x2 = y3, it’s easy to see that its zero locus on V (x2−y3) is pre-
cisely the image of λi, so the map is a homeomorphism. (Biregular isomorpshim
is stronger than homeomorphism.)

Problem 3
Let me make a little remark on coordinate rings,
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Remark 3.1 The coordinate ring of an algebraic set X ⊂ An is exactly the
k-algebra generated by the restriction of coordinate functions (the variables xi

in polynomial ring k[x1, x2, . . . , xn]). The restriction is the pullback of inclusion
map X ↪→ An.

It is easy to see that this is just a restatement of the definition of ‘polynomial
functions on a algebraic set’.

To solve this problem I’m going to use a trick, but I need a lemma to justify
it.

Lemma 3.2 (Change of variables) Define a transformation φ : An → An

to be the combination of multiplying a nonsingular matrix and adding a vector
(I guess this is the so-called affine transformation). Then it is an isomorphism
(biregular map) between An and itself. Moreover, if X is an algebraic set, then
φ is an isomorphism between X and φ(X).

Proof Since we can easily construct an inverse to it, and it is evidently a
regular map. By anti-equivalence and functoriality, we have an isomorphism
between coordinate rings. The case when X is an algebraic set is similar.

Now let’s say that both X and Y are non-empty, by the above lemma we can
further assume 1 ∈ X and 1 ∈ Y (1 is actually a tuple of 1’s ). Define the section
ιX : X ↪→ X × Y mapping x to (x, 1) and similarly define ιY : Y ↪→ X × Y
mapping y to (1, y). Define pX and pY to be the usual projection mapping (x, y)
to x and y respectively. The author that we have the following identities:

k[X]⊗ k[Y ]
p∗
X ·p∗

Y−→ k[X × Y ]
ι∗X⊗ι∗Y−→ k[X]⊗ k[Y ]

k[X × Y ]
ι∗X⊗ι∗Y−→ k[X]⊗ k[Y ]

p∗
X ·p∗

Y−→ k[X × Y ],

where the superscription of star means pullback. The definition of ι∗X ⊗ ι∗Y is
clear. The map p∗X · p∗Y maps x ⊗ y to p∗X(x) · p∗Y (y), it is indeed well-defined.
Since the tensor algebra k[X]⊗k[Y ] is generated by xi⊗1 and 1⊗yi where xi and
yi are the coordinates on X and Y respectively, look at the first row of arrows,
xi ⊗ 1 becomes p∗X(xi) then becomes ι∗Xp∗X(xi) ⊗ ι∗Y p

∗
X(xi). By functoriality

ι∗Xp∗X(xi) is xi, the other multiplier is 1. So we come back to xi ⊗ 1. For 1⊗ yi
it is similar.

Now let’s look at the second row of arrows. Let zi be the coordinate function
on X × Y its image under pullback ι∗X and ι∗Y is either xi, yn−i or 1 depending
on the numbering of indices. Anyway, it’s easy to verify that if we start from
zi, say i ≤ n, we will get xi ⊗ 1 and then zi · 1. The case when i ≥ n is similar,
and we arrive to the conclusion:

k[X × Y ] ≈ k[X]⊗ k[Y ].

What remains to prove is that X × Y is algebraic. However it is not self-
evident from the previous isomorphism, since we are using pullbacks of coor-
dinate functions on an arbitrary subset, it is not clear that the corresponding
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algebraic set of the ring k[X × Y ] (it is reduced since it’s a ring of functions)
is X × Y . Yes it must be the closure of X × Y under Zariski topology, but
Zariski topology does not play well with products (A × A 6= A2, an exercise
from Harthorne, Algebraic Geomerty, Chapter 1).

Let I1 = (f1, f2, . . . , ft) be the vanishing ideal of X where all the fi are
irreducible. Similarly I2 = (g1, g2, . . . , gs) of Y . Naively put these polynomials
together an interpret them in polynomial ring of rank n +m, we get a radical
ideal I = (f1, · · · , g1, · · · , gs). The vanishing set of I is exactly X × Y , so it is
an algebraic set (closed).

Problem 4 Since the polynomial defining Γf is actually those we used to
define X×Y and m additional polynomials which can be written as f(x)−y = 0,
Γf is clearly algebraic. Consider the map f̄ : x 7→ (x, f(x)), and the projection
p : (x, y) 7→ x, their pullbacks are clearly inverse to each other by functoriality,
we have Γf ' X.

Problem 5 If f is a closed embedding then we have a factorization of f as
X → f(X) ↪→ Y , where the inclusion clearly induces a surjection and the first
arrow is an isomorphism. So the pullback of f is surjection by functoriality.

If f∗ is surjective and f(X) is an algebraic set. Denote the kernel of f∗ as
I, a polynomial function P on Y is in I if and only if the pullback of P is zero,
which is equivalent to ∀x ∈ X P (f(x)) = 0, which is equivalent to P belongs to
the vanishing ideal of f(X). So the vanishing ideal of f(X) is exactly I and we
have an isomorphism between coordinate rings k[Y ]/I ≈ k[X], so f induces an
isomorphism between f(X) and X.

Problem 6 Assume char(k) 6= 2, if we write the polynomials in k[X] as a
finite sum: ∑

i,j

ai,jx
iyj ,

then such a polynomial is fixed by σ exactly when ai,j = 0 where i + j is
odd. So the algebra is generated by 3 elements, x2, xy, y2, it is indeed finitely
generated. Since it’s a subring of k[X], it is also reduced, thus an affine variety
Y can be found. Let φ be the homomorphism k[a, b, c] → k[x, y] sending a to
x2, b to y2 and c to xy. We have thus reduced the problem to finding generators
for the kernel of φ.

I hope it’s not forbidden to use dimension theory. The ring k[X]σ has di-
mension 2 since it is the quotient of k[a, b, c] and we have the following chain of
prime ideals:

(0) ⊂ (x2) ⊂ (x2, xy).

However the prime ideal (c2 − ab) has height 1 by Krull’s Hauptidealsatz,
thus kerφ = (c2 − ab). Y is the algebraic set in A3 where the three coordinates
satisfy the relation c2 − ab = 0.

3


