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Problem 1 Denote by G = GL(n, k) the group of all invertible n × n
matrices with entries from k. Using the entries as coordinates, we embed
GL(n, k) into the affine space An2 . It is easy to see that G is open.

Show that G is an algebraic group: the multiplication map m ∶ G×G→ G
and the inversion map i ∶ G → G are regular. (Note that G ×G is an open
subset of A2n2 .)

Proof Since the determinant of an n×n matrix is a polynomial in its coef-
ficients, G must the principle open of this polynomial in the affine space An2 .
Since matrix multiplication and inversion are rational in the coordinates of
their operand, and G ×G is an open subset in A2n2 , these two operations
are indeed regular.

Problem 2 Show that any quasi-compact variety is a noetherian topo-
logical space.

Proof Since any quasi-compact variety is covered by finitely many charts,
any open subset of it must be a finite union of quasi-compact sets therefore
also quasi-compact. Hence this variety is quasi-compact.

Problem 3 Let X be a variety. Show that X can be written as a locally
finite union of irreducible components: there is a decomposition X = ⋃Xα

where each Xα is a closed irreducible subset, and each point of X has a
neighborhood that meets only finitely many Xα’s. The decomposition is
unique if we assume that Xα ⊄Xβ for α ≠ β. (This follows from the previous
problem if X is quasi-compact, so the problem is only interesting if X fails
to be quasi-compact.)
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Proof (I fantasized about varities being paracompact for 2 hours... can’t
imagine it’s so straightforward when I finally solved this)

For a noetherian open U ⊂ X, we can have a decomposation of U into
its irreducible components, which must take this form:

U = (Y1 ∩U) ∪ (Y2 ∩U) ∪ . . . (Yr ∩U),

for some closed sets Yi, which we can harmlessly assume Yi ⊂ U . Now I make
the following claims:

1. Yi are irreducible closed subsets in X.

Proof Suppose Yi = C ∪D for some closed subsets C, D, we would
have Yi ∩ U = (C ∩ U) ∪ (D ∩ U). Since Yi ∩ U is irreducible in U , it
must be contained in C ∩ U or D ∩ U , taking closure would yield Yi
being contained in C or D.

2. If V is a noetherian open containing U , then Yi ∩ V is one of the
irreducible components of V . (I think I didn’t use this directly, but it
helps with intuition.)

Proof Similar to the construction of Yi, for this V we would have
a bunch of Zj ⊂ V whose restriction to V are the corresponding irre-
ducible components. Since an open subspace of an irreducible space
is again irreducible, we would get another decomposation of U :

U =⋃
j

(Zj ∩U).

Therefore for those Zj ∩U ≠ ∅ we would have Zj = Yi for some i. The
claim follows.

Now it’s easy to construct the desired decomposation, I claim the fol-
lowing set covers X:

S = {Y irr. closed ∣ Y ∩U is the irr. component of certain noetherian open U},

it covers X because noetherian open covers X, it is locally finite because each
point x has a noetherian neighborhood meeting only finitely many of these
sets (by the decomposation of this neighborhood). If we denote the above
covering as X = ⋃Y ∈S Y , if Y and Y ′ differ, they must differ when restricted
to certain noetherian open (since they’re merely the closure), therefore no
one is contained in the other.
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For the uniqueness part, suppose we have X = ⋃Z∈S′ Z satisfying those
properties. Then for some noetherian open U we have U = ⋃Z∈S′(U ∩ Z),
yielding a decomposation since the union is assumed locally finite (if we
choosed U to be small enough). Therefore Z is contained in S. Similarly for
Y ∈ S there exists a non-empty noetherian open V being a small neighbor-
hood of some point in Y , Y ∩ V is clearly a component of V and therefore
Y ∩V = Z ∩V for some Z, taking closure yields Y is contained in S′. Hence
S = S′.

Problem 4 Let X and Y be varieties and f, g ∶ X → Y be regular maps.
Prove that the subset

{x ∈X ∶ f(x) = g(x)} ⊂X

is locally closed in X.

Proof By the definition of regular maps between varieties we can draw
the following diagram:

f∗ ∶ OY (U) OX(f−1(U))

OX(V ),

g∗ ∶ OY (U) OX(g−1(U))

where U is an affine open in Y and since f, g are continuous we can choose V
to be an affine open neighborhood of certain x satisfying f(x) = g(x). Then
locally this is the closed set characterized by the vanishing set of (f∗ −g∗)yi
in V , where yi are the coordinate functions on U . Therefore it is locally
closed.

Problem 5 (The local ring of a point.) Let X be a variety; fix a point
x ∈X. Denote by Ox the stalk of the structure sheaf OX at the point x. By
definition, elements of Ox are equivalence classes of pairs (U, f), where U is
a neighborhood of x and f ∈ OX(U) is a regular function; the pairs (U, f)
and (U ′, f ′) are equivalent if x has a neighborhood V ⊂ U ∩ U ′ such that
f ∣V = f ′∣V .

Show that Ox is a local ring (with respect to the natural operations
on functions) and that if X is affine, Ox is the localization of k[X] at the
maximal ideal of x. (Ox is called the local ring of x; its elements are germs
of regular functions.)
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Proof I claim that the unique maximal ideal ofOx consists of those regular
functions that are defined in certain neighborhood of x and vanishes at x. It
is clearly an ideal. If f is a regular function defined in some neighborhood
of x such that f(x) ≠ 0, then in some affine open neighborhood of x we have
that f ≠ 0 on the whole affine space (since regular funcitons are continuous).
Clearly it has inverse 1/f on that open set and therefore it is a unit in Ox,
we conclude that Ox is local and its maximal ideal is indeed as descriped.

When X is affine, a regular function defined on an open neighborhood
of x takes the form f/g where g(x) is not 0 for all small neighborhood (by
continuity). This means g ∉ (x), and therefore f/g ∈ k[X](x). Conversely
elements in k[X](x) takes the form f/g where g ∉ (x), and by continuity for
all small neighborhood of x we have g ≠ 0 therefore f/g is in the stalk. They
are obviously equal...

Problem 6 Show that the local ring is the universal local invariant of
a point: the local rings of points x ∈ X and y ∈ Y are isomorphic as k-
algebras if and only if there exist two neighborhoods x ∈ U and y ∈ V and
an isomorphism U ≃ V sending x to y.

Proof (This feels like inverse funciton theorem in differential geometry)
If there’re two isomorphic neighborhoods (U,x) ≃ (V, y) (therefore we

have isomorphisms on all small neighborhoods) then it obviously induces
a k-algebra isomorphism between stalks, since stalk is a local object (any
regular function would be equivalent to a “more local” one).

Conversely, if we have an isomorphism ϕ ∶ Ox → Oy, by the previous
argument we can further assume both X and Y are affine and x = 0 and
y = 0 in the corresponding affine spaces. Denote the inverse of ϕ as ψ and
the coordinates function on X as xi, first we claim that ϕ(xi) generates
the maximal ideal of Oy as a k-algebra. Since ϕ is surjective, suppose ϕ(f)
vanishes at y, then f is not a unit in Ox therefore f ∈ (xi), hence (ϕ(xi)) is
the maximal ideal in Oy. Similarly we have (ψ(yj)) is the maximal ideal in
Ox.

But we know what the stalks in affine spaces look like, they’re localization
at a point. Hence we have some regular functions fj around 0 (say they’re
defined on U) in X such that ϕ(fj) = yj on some open neighborhood V ′ of 0
in Y and fj(0) = 0, similarly gi around 0 (say V ) in Y such that ψ(gi) = xi
on some U ′ and gi(0) = 0. Now we’ve actually found a pair of biregular
maps if we replace U by U ∩U ′ and V by V ∩V ′. I claim the followings are

4



biregular:
U V

x f(x) = (fj(x))

g(y) = (gi(y)) y

Since ϕ is algbera isomorphism, we have ϕgi(⋯fj⋯) = gi(⋯yj⋯) = gi, the
last equality follows from gi is a function on V , therefore xi = gi(fj), similar
for the other direction. The base points are match by construction.

Problem 7 Show that the local ring of a point x ∈ X is integral if and
only if x lies on a unique irreducible component of X.

Proof If x lies on a unique irreducible component of X, then for all small
neighborhoods the sheaf of regular functions on it must be an integral do-
main. Therefore if fg = 0 in Ox we must have on some neighborhood (where
both f and g are defined) fg = 0 and conclude that f = 0 or g = 0, hence Ox

is integral.
Conversely, if x lies on two different irreducible components of X say

X1 and X2. Since it is a local question (by the previous problem) we can
assume that X is affine, and let p1, p2 be the corresponding primes ideals
of X1 and X2. Pick f1 from p1 ∩ pc2 and f2 the other direction we would
produce f1f2 = 0 for the two nonzero elements.

By construciton D(f1) ∩X2 ≠ ∅, hence x ∈ X2 ⊂ D(f1), similarly x ∈
D(f2), therefore f1 and f2 are nonzero in Ox but their product is 0.
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