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Problem 1 Prove that any finite set X ⊂ A2 is a complete intersection:
the ideal I(X) ⊂ k[A2] can be generated by two elements. (If all points
have distinct x coordinates, the equations can be chosen in the form y =
f(x), g(x) = 0.) (Shafarevich, Problem I.6.4.)

Proof Suppose these points have distinct x coordinates, this problem is
basically an interpolation problem. Use Lagrange’s interpolation formula
we can produce y = f(x) that goes through these points. Let g(x) be the
polynomial with roots being exactly the x coordinates of these points, then
y = f(x), g(x) = 0 have the zero locus exactly these points.

The general case can be done using projection onto a line. Once these
points have different projection on the line, then the problem is reduced
to the first case. Suppose (a, b) ̸= (0, 0) is the direction of the line, let
λi = xia+ yib, consider the polynomial:

P (a, b) =
∏

1≤i<j≤n

(λi − λj).

It is non-zero under the assumption (xi, yi) ̸= (xj , yj) (if i ̸= j). Therefore
the zero locus {(a, b) ∈ A2 | P (a, b) = 0} will have codimension 1, i.e. there
exists (a, b) ̸= (0, 0) such that P (a, b) ̸= 0. Use this (a, b) as the direction
of the line and project our (xi, yi) onto this line, then we are reduced to the
first situation.

Problem 2 Let X ⊂ A3 be the union of the coordinate axes; it is a
(reducible) space curve. Prove that X is not a complete intersection: its
ideal cannot be generated by two elements. (Shafarevich, Problem I.6.5.)
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Proof Suppose there exists two non-zero polynomials p, q such that (p, q) =
(xy, yz, xz). Since xy, yz, xz are linear independent over the field k, the
polynomials p, q must have degree ≥ 2 since they are k[x, y, z]-linear combi-
nations of xy, yz, xz. On the other hand, since k[x, y, z]-linear combinations
of p, q produces xy, yz, xz, the degree of p, q cannot exceed 2.

Therefore p, q is a k-linear combination of xy, yz, xz, and xy, yz, xz is a
k-linear combination of p, q. This is absurd for k-vector spaces since their
dimensions do not match.

Problem 3 Suppose f : X → Y is a regular map between varieties.
Suppose that all fibers of f are nonempty and have dimension d. Show that
dim(X) = dim(Y ) + d.

Proof Replace Y by an affine and irreducible open subset thus X is also
replaced by an affine open subset, since open subset of an irreducible com-
ponent will have the same dimension of that component, in particular the
dimension of the fibre is unchanged, this replacement works. If X contains
one fibre f−1(y) only, then the statement is obviously true. Otherwise we
can find a one dimensional irreducible subset U1 of Y which contains {y}
properly, hence f−1(U1) contains f−1(y) properly and will have dimension
1 + d. If U1 is a proper subset of Y , we iterate...

This process would terminate when f−1(Uk) = X. Which implies Y =
Uk and we have a stricly ascending chain of closed sets in Y with increment-
ing dimensions. Therefore k = dimY and dimX = d+ dimY .

Problem 4 Let Mat(n,m) be the vector space of n×m matrices. As an
algebraic variety, it is isomorphic to Anm. Fix r, and let

X ⊂ Mat(n,m)

be the subset of matrices of rank exactly r. Prove that X is an irreducible
subvariety of Mat(n,m) and find its dimension.

Proof Suppose m ≥ n, otherwise we transpose them. Fix r, consider the
subset Y of X consisting of matrices whose first r rows are independent.
This subset is an open subset of X, and it is irreducible since it is isomor-
phic to Mat(r,m)r × Ar(n−r), where Mat(r,m)r stands for the first r rows:
r × m matrices with rank r (this is clearly an irreducible open subset of
Mat(r,m) ≈ Arm), and Ar(n−r) stands for the rest n− r row vectors (linear
combination of the first r rows).
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Instead of requiring the first r rows to be independent, actually we can
require any r rows to be independent and get isomorphic results. This means
X is a finite union of isomorphic copies of Y . The complement of Y in any
of these copies is a proper cloed subset, therefore has dimension strictly less
than Y . Hence any open set in each of these copies must intersect with Y ,
i.e. Y is dense in X, hence X is irreducible and has the same dimension as
Y which is r(m+ n− r).

Problem 5 Prove that a generic degree d hypersurface in An contains no
lines if d > 3 (and n > 1). More precisely, let Vd be the space of degree d
polynomials in n variables. Prove that there exists a non-empty Zariski open
subset U ⊂ Vd such that for any f ∈ U , the hypersurface f = 0 contains no
lines.

(This can be done by a more complicated kind of dimension-counting as
follows. Let L be the variety of parametric lines in An. Explicitly,

L = An × (An − {0}),

where we view a pair (v0, v) ∈ L as a line parametrized by the vector-valued
function r(t) = v0 + tv. Consider the ‘incidence subvariety’ Y ⊂ L × Vd

consisting of pairs (v0, v) ∈ L, f ∈ Vd such that f is identically zero on the
line given by (v0, v). Estimate the dimension of Vd by using two projections:
Y → L and Y → Vd.)

Proof (Under the assumption that d+ 3 > 2n.)
Apparently L has dimension 2n, suppose Vd has dimension x. Consider

the dominant projection p1 : Y → L, the fibre has dimension x − d − 1.
This can be seen by plugging v0 + tv into the polynomial f , and requiring
all the coefficients of t to be one, this gives 1 + d equations, and choose
special v0 = 0 and v = (1, 0, 0, . . . ) we see that the dimension of the fibre is
indeed 1 + d (and all fibres are isomorphic). Therefore the dimension of Y
is 2n+ x− d− 1

Consider the other projection p2 : Y → Vd, each irreducible component
of the fibre will have dimension 2. Hence the closure of the image p2(Y ) will
have dimension 2n+x−d−3. Under the assumption d+3 > 2n, the image
will have strictly smaller dimension than Vd hence being a complement of a
dense open subset.
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